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Abstract

We show that nonadaptive single-qubit Pauli measurements suffice to test whether an unknown
n-qubit state p is e-close to or O(e)-far from an ideal target state |¢), for all but a 27" fraction
of target states. The test uses O(¢ 2 log(1/d)) copies of p to achieve confidence 1 — &, which is
information-theoretically optimal even among protocols with arbitrary joint measurements.

The main technical innovation is an uncertainty principle for weighted generalizations of the
total influence of Boolean functions. As a simple example, the unweighted variant states that
Inf[f] + Inf[f] = Q(n), which is a natural hypercube analogue of the Heisenberg uncertainty
principle (here = denotes the 27"/ 2-normalized Fourier transform). The weighted case generalizes
Inf[-] and Inf["] to Dirichlet energies associated with Glauber dynamics for certain dual
measures on the cube.
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1 Introduction

A basic task in quantum information is state certification: testing whether a copy of an unknown
state is close to a pure target state [i) (or far from it). This task has broad applications in
quantum science, from benchmarking quantum devices to verifying the implementation of quantum
algorithms [BOW19, ZH19, KR21, HPS25]. With no constraints on measurement capabilities, the
optimal measurement is well-understood: it is simply the projective measurement {|y)}v|, 1 — [ )X|}.
However, implementing this measurement is in general just as difficult as preparing |¢) itself,
and there is significant interest in finding state certification protocols that only require simple
measurements—ideally of only a few qubits at a time. Remarkably, recent work has shown that
single-qubit measurements suffice.

The first such result was by Huang, Preskill, and Soleimanifar [HPS25|, who proposed a pro-
tocol consisting of non-adaptive single-qubit Pauli measurements, which can certify all but an
exponentially-small fraction of n-qubit target states. In subsequent, independent works, Gupta,
He, and O’Donnell [GHO25], and Li and Zhu [LZ25] proposed somewhat more intricate protocols
consisting of single-qubit measurements that can certify any target state. [GHO25] also showed
that adaptivity is necessary to get a single-qubit measurement protocol that can certify any state.
In a more recent work, Abdul Sater et al. [SGM™25] describe a fully-efficient protocol (using only
efficiently accessible information about the target state) to certify a useful, but restricted, class of
states with Pauli measurements.

Unfortunately, all of the above protocols share a limitation, which is that they are non-robust:
they can only certify whether the unknown state p is O(g/n)-close or at least e-far from the n-qubit
target state |¢). Said another way, these protocols only succeed in positively certifying lab states
that are vanishingly close to the ideal state as the number of qubits n grows, making them difficult
to apply in practice: if an experimentalist wishes to double their system size (i.e., double n), the
test will only remain usable if they simultaneously double their preparation accuracy. Moreover, one
can show that this non-robustness is not just a limitation of the analysis, but is inherent to their
protocols.*

More recently, Coladangelo et al. [CLSW26] gave two protocols that make a substantial step
towards removing this limitation. Their first protocol involves single-qubit measurements along with
one log(n)-qubit measurement and achieves constant robustness: it can certify whether p is €/C-close
to or e-far from |¢), for a universal constant C' & 2, independent of n. Their second protocol requires
only single-qubit measurements, but only achieves log(n) robustness (i.e., C = ©(logn)).

The authors of [CLSW26]| left open the tantalizing possibility that one could achieve the best of
both worlds: a certification protocol for almost all target states that achieves constant robustness
using only single-qubit measurements (non-adaptively). In particular, they conjectured [CLSW26,
Conjecture 1] that a modification of their protocol (which amounts to running the [HPS25] test in
two bases) should suffice. In this work we prove their conjecture in the affirmative. We show the
following.

Theorem 1 (Constant robustness with single-qubit measurements). There exists an efficient protocol
using single-qubit measurements that, for all but a 2= fraction of pure n-qubit target states [y,
satisfies the following. Given oracle access to a classical description of the target state |1) (via the
model in Definition 1), and a single copy of an n-qubit mized state p,

o (Completeness) Outputs accept with probability at least (1| p|v).

e (Soundness) Outputs reject with probability at least % —o(1), for a universal constant
C > 1 (i.e. approxzimately the infidelity up to a constant factor).

Moreover, the single-qubit measurements are either all in the X-basis or all in the Z-basis, except
for one final (non-Pauli) adaptive measurement.

1See, for example, [CLSW26, Appendix A]
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Largest measurement Copy Fraction of

Reference  required complezity  target states  Adaptivity — Robustness
[HPS25] Single-qubit (Pauli) O(n?) 1 —27%m) No O(1/n)
[GHO25] Single-qubit (arbitrary) O(n?) All Yes O(1/n)
[CLSW26]  Single-qubit (arbitrary) O(log?n) 1 — 272" Yes O(1/logn)
[CLSW26] log(n)-qubit (Clifford)  O(1) 1-27%M  No Q(1)

This work  Single-qubit (Pauli) O(1) 1-279%Mm  No Q(1)

Figure 1: Comparing this work to previous protocols certifying all or almost all target states. Green
cells denote the best possible for the given column note that it is impossible for all columns to be
green at the same time by the adaptivity no-go theorem of [GHO25]. Accuracy ¢ and confidence
0 are assumed to be constants in the quantities above. A t-robust protocol accepts states that are
te-close to the target states and rejects those which are e-far. A concurrent update to a work of Du
et al. [DLH"26], which we discuss below, also achieves the desiderata that we achieve in this work.

The completeness-soundness gap can be amplified via sequential repetition using more copies, and
the small amount of adaptivity can be completely removed using classical shadow tomography. As a
result, Theorem 1 implies the following corollary: a copy-optimal test using exclusively non-adaptive
single-qubit Pauli measuremerents, with arbitrarily low failure probability.

Corollary 1 (Optimal copy-complexity with with non-adaptive single-qubit Pauli measurements).
There exists an efficient protocol using only non-adaptive single-qubit Pauli measurements that, for
all but a 2= fraction of pure n-qubit target states 1), satisfies the following. Given oracle access
to a classical description of the target state |¢) (via the model in Definition 1), parameters ,6 > 0,
and O(e7%1log(1/6)) copies of an arbitrary state p,

e (completeness) Outputs accept with probability at least 1 — 6 if (Y| plp) > 1 - &.
e (soundness) Outputs reject with probability at least 1 — 8, if (Y| p|p) <1 —e.

for some constant C > 1.
Moreover, the single-qubit measurements are either all in the X -basis or all in the Z-basis, except
for one qubit that is (non-adaptively) measured in a random Pauli basis.

We pause here to make some comments on these results. Concretely, the results resolve Conjecture 1
of [CLSW26], and demonstrate that the two-basis test proposed in [CLSW26] yields optimal state
certification guarantees (up to constants) for almost all states. Note that the restriction that the
method works for almost all states is inherent (and not a limitation of the analysis) since the test is
non-adaptive, and [GHO25] demonstrates that adaptivity is required to certify all states.

On a more technical level, our main conceptual contribution is a novel proof technique for
analyzing the soundness of the two-basis test, which significantly departs from the previous proof
strategy of [CLSW26|. In particular, we draw a novel connection between the soundness of this test
and new uncertainty principles for total influence of Boolean functions and, especially, more general
weighted versions of total influence. These uncertainty principles generalize the natural hypercube
analog of the famous Heisenberg uncertainty principle, as we explain in Section 2.3.

Concurrent work. Shortly before this work was posted, we were informed by the authors of
[DLH™26] of an update to their paper, giving a test that also achieves constant robustness for almost
all target states using Pauli measurements. We briefly elaborate on the differences between our

1 Contents 4 Glossary ¥



respective tests (for the unfamiliar reader, these differences should be more understandable after
reading our technical overview).

In short, the test in [DLH26| runs the [HPS25] test in a uniformly random Pauli basis without
randomizing the location of the “leftover” qubit. Our test is even simpler (and its soundness was
left as Conjecture 1 in [CLSW26]): it runs the [HPS25] test in one of only two bases, either all-Z or
all-X, but randomizes the location of the leftover qubit. It is this two-basis picture that leads to the
connections with uncertainty principles for total influences that we uncover here. As a result, the
requirements on the oracle access to the target state needed for our test are in some sense lighter: we
require queries to the amplitudes of 1-qubit states post-selected in only two bases, whereas the test
of [DLH™26] requires an oracle that can answer such queries in 3"~! potential Pauli bases.

The authors of [DLH™26] also make progress on one of the questions that we mention in Section 2.6,
namely finding examples of natural families of states that are in the “good” set of target states: they
show that random graph states, a subclass of stabilizer states, are in the “good” set.

Acknowledgements and Al use

A.C. is thankful for support from the Google Research Scholar program. J.L. acknowledges support
from the National Science Foundation through the NSF AT Institute for Foundations of Machine
Learning (IFML), under Award No. CCF-2505865, and the Institute for Foundations of Data Science
(IFDS), under Award No. 2023166. ChatGPT was consulted throughout the research process to
strategize proof approaches and conduct numerical tests.

2 Technical Overview

2.1 The test

We first describe the (slightly adaptive) single-shot test that achieves the guarantees of Theorem 1.
We will then describe the nonadaptive version that achieves the guarantess of Corollary 1.

Protocol 1 (One-shot (slightly adaptive) robust state certification).
Input: One copy of an n-qubit lab state p; and access to the n-qubit target state |¢)) (via the
access model described in Section 2.2).
1. Sample a measurement. Sample the following:
e A basis B € {X,Z} with equal probability,
e A holdout qubit j € [n] with uniform probability.

2. Measure the bulk of the lab state. Measure all the qubits k # j in basis B, obtaining

outcome string b € {0,1}"~! and 1-qubit post-measurement state pgj B) on the holdout qubit j.

3. Compute target. Compute (a classical description of) |z/1l§j’B)>, the 1-qubit state on the
holdout qubit j resulting from measuring qubits k # j of the target state |¢)) in basis B and

obtaining outcome b. (The classical description of |¢£ 7B)> is computed via the access model
described in Section 2.2).

4. Measure the holdout qubit. Perform the projective measurement { |¢Igj’B)>( Igj’B)| ,1—

|7/1z(;j’B)><T/fg(,j ’B)| } on pl()j =2 Accept if the first outcome is obtained.

What we show is that this protocol accepts with probability at least (] p|¢) (i.e. the fidelity
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between p and 1), and rejects with probability at least (approximately) LCW for some constant
C > 1 (i.e. the infidelity up to a constant factor). One can readily convert this one-shot protocol to
one that distinguishes, with any desired success probability 1 —4d, a lab state p that has 1 — & fidelity
with |¢) from a p that has at most 1 — ¢ fidelity with [¢)) (for some constant C’ > 1 closely related to
C). The latter protocol can be obtained via a standard sequential repetition using O(e2log(1/4))
copies of p, which is information-theoretically optimal even among protocols that are allowed to
make arbitrary entangled measurements.

The only source of adaptivity in the resulting protocol comes from Step 4 of the one-shot protocol,
where the measurement basis depends on the previous outcome b. This adaptivity can be removed
via classical shadow tomography, as it is done in [HPS25]. In short, the adaptive measurement on
the holdout qubit j in Step 4 can be replaced by a non-adaptive measurement in a uniformly random
choice of the X, Y, or Z basis. This allows one to compute (by classical post-processing) an unbiased
estimator for the outcome of any adaptively-chosen measurement on the holdout qubit. This process
is repeated T = 0(5_2 log(1/§)) times (using that many copies of p), and the protocol accepts if the
average of the T estimators is above the appropriate threshold. Note that the holdout qubit, as well
as the post-measurement state, in general changes in each of the T repetitions, but this is fine: each
of the T runs is an unbiased estimator of the one-shot acceptance probability (and since the runs are
independent, we can invoke Chernoff). We refer to [HPS25] for more details about this application of
classical shadows. The nonadaptive protocol is described below. The constant C' > 2 in Protocol 2 is
universal and independent of n. In our proofs, the constant we establish is only implicit. However
according to numerical experiments, the tight constant appears to be C' < 5.5.

Protocol 2 (Non-adaptive robust state certification).

Parameters: ¢,6 > 0.

Input: T = 0(6’2 log(l/d)) copies of an n-qubit lab state p; and access to the n-qubit target
state |1) (via the access model described in Section 2.2).

1. Sample a measurement. Choose:
e A basis B € {X,Z} with equal probability,
e A holdout qubit j € [n] with uniform probability,
e A holdout basis C € {X,Y,Z} with uniform probability.

2. Measure the lab state. Measure the lab state p in the following single-qubit product
basis: all qubits k& # j in basis B and the holdout qubit j in basis C. This yields an outcome bit

c € {0,1} for the holdout qubit and an outcome string b € {0,1}"~! for the rest of the qubits.
3. Classical postprocessing. Let pl()j’B) and |w£j’8)> be as in Protocol 1. Compute the classical
shadow tomography estimate w for

i.B i.B i.B
w107 19,7)

corresponding to basis C and outcome c.

4. Repeat. Repeat steps 1-3 T times to obtain estimates wi,...,wr. Let @ = % ZiT:1 Wi .
Accept if @ > 1 — ;’é

The protocol above accepts with probability at least 1 — ¢ if ([ p[1) > 1 — &, and rejects with
probability at least 1 — ¢ if (¢| p|1) < 1 — €. The latter follows in a straightforward way from the
guarantees of Protocol 1 and the fact that classical shadow tomography gives an unbiased estimator
for the true overlap.
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2.2 Access model

As in earlier protocols [HPS25, GHO25| (henceforth HPS and GHO) we assume classical access to an
oracle-based description of the target state |¢)). The access model that we work with is, in terms of
strength, between that of HPS and GHO. In particular, we require knowledge of amplitudes of the
target state in two bases: standard and Hadamard. For comparison, HPS only requires amplitudes in
the standard basis, whereas GHO require amplitudes in all product bases (but is capable of certifying
all target states, rather than “almost all”).

We acknowledge that our access model creates a bit of a tension: Haar-random states are highly
entangled and exponentially complex, whereas states for which this kind of amplitude access can
be simulated efficiently are generally more structured and tractable. For example, tensor network
states with polynomial bond dimension allow efficient amplitude queries but are low-entangled, and
neural quantum states typically support efficient queries in only one basis. This means that our test
will generally require inefficient classical post-processing. We note that, while GHO require an even
stronger access model, their certification works for all states (which thus includes classes of states for
which the access model is efficiently reproducible). That said, we find the existence of a robust test
that uses few-qubit measurements surprising even from a purely information-theoretic standpoint.

Definition 1. We consider an oracle model which accepts queries in the format (b, B) for b € {0,1}"
and B € {std, had}, and returns the complex number

(blap) if B = std

O0y(b,B) =
(b|H®™]2p) if B =had.
This access model allows us to explicitly and efficiently learn the leftover state on the last qubit,
conditioned on the outcome of any measurement on |¢)) used in our protocols.

2.3 Uncertainty principles for (weighted) total influence

The correctness of our protocol relies centrally on a new uncertainty principle for a certain weighted
generalization of the total influence of Boolean functions. This uncertainty principle may be of
independent interest, so we describe it here in self-contained form. The connection to our protocols
is explained in the next subsection, Section 2.4.

Before stating the full theorem, let us record a simple unweighted version of the phenomenon.
For any function h : {0,1}" — C, define its total influence via

Inf[h] = Z

1,T

h(z) — h(z +1)
2

where here and throughout, for an index i € [n], we use the shorthand notation x + 4 to denote the
string where we flip the i-th bit of . Then we have the following.

Proposition 1 (Uncertainty principle for unweighted total influence). For any h: {0,1}"™ — C with
E; [h(z)]* =1,

-~

Inf[h] + Inf[h] > n.

Here and throughout, for quantities A and B, the notation A 2 B means that there exists a universal
constant ¢ > 0 such that A > ¢B. Also, the Fourier transform = will throughout bear the unitary
normalization 27/2. That is, for s € {0,1}" we take the convention

J?(S) = Q*n/2zx€{07l}nf(x)(_l)zi wisi
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The total influence, Inf, is a central quantity in the analysis of Boolean functions and plays an
important role throughout theoretical computer science [O’D14]. Despite this, an uncertainty principle
for Inf does not appear to be well-known within the TCS community. The proof of Proposition 1
is simple however, and can be obtained for example by specializing a graph-theoretic uncertainty
principle due to Benedetto and Koprowski [BK15] to the hypercube graph. For completeness, we
give a direct proof in Section 2.5.1. As elaborated in [BK15], this influence uncertainty principle is
the natural analogue to the additive Heisenberg uncertainty principle.

The correctness of our test reduces to the following weighted generalization of the influence-
uncertainty phenomenon. For any probability measure p on {0,1}™ and any h : {0,1}"™ — C, define
the p-weighted total influence to be

B 2p(z)pz + 1)
Infu[h} - Z u(x) + ,u((E + 7’)

h(z) — h(z +1)|”

2

With this definition, we have the following uncertainty principle for Inf,,.
Theorem 2 (Uncertainty principle for weighted total influence). With probability 1 — 2= over a
Haar-random f :{0,1}" — C with ||f||2 = 1, for all g : {0,1}"™ — C with ||g|l2 =1 and (f,g) =0,
g g9
Inf,, {f} + Infﬂf L?} zZn.
Here iy (vesp. piz) is defined by ugp(z) = |f(@)? (resp. pr(s) = |F(s)[2).

It is worth mentioning that Inf, is precisely the Dirichlet energy associated with continuous-time
Glauber dynamics for the stationary distribution p. See, for example, [LP17, §3.3.2 and §13.2.1]. In
comparison to the unweighted version, the uncertainty principle of Theorem 2 seems to demand a
dramatically more involved proof, spanning Sections 5-8.

2.4 Proof ideas I: From state certification to uncertainty principles

As mentioned earlier, the crux is to analyze the Protocol 1, i.e. the one-shot protocol. This will be
our focus for the rest of the technical overview.

Notice that the acceptance probability in Protocol 1 can be written as follows:

Priaccept] =5 | B @OPpUORE0) ¢ B U000
j~imn Jj~n
@~Meas(p,X,[n]\j) 2~Meas(p,Z,[n]\j)

where |w£3’8)> and pgj’B) for B € {X,Z} and b € {0,1}"~! are defined as in Protocol 1: they are the
post-measurement state of the j-th qubit when measuring the rest of the qubits of, respectively, |¢)
and p in basis B and obtaining outcome b. And Meas(p, B, [n]\j) is the corresponding distribution of
over the outcome b (when measuring p).

Tt is straightforward to see that Pr[accept] > (| p|9): we can equivalently write Prlaccept] =
Tr[Ap] for an appropriate positive-semidefinite operator A, which has |¢) as a +1 eigenvector (see
Section 4 for the definition of A). Then, it follows that Tr[Ap] > (| p |¢). The bulk of the work is
to prove an upper bound on Prlaccept| in terms of fidelity. Ultimately, we will show the following.

Theorem 3. With all but 2= probability over a Haar-random target state [¢), for all lab states p,
E O @PPOREY) + 0 B @10 IY) < 2—e(1—- (@)

j~ln] i~lnl
a~Meas(p,X,[n]\j) =~Meas(p.Z,[n]\)

Here ¢ > 0 is a universal constant.
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Accounting for the factor of % in the test, we arrive at
c
(|¢|v) < Prlaccept] <1 — 2 (1= (¢lplt))

Reducing to a formulation on the hypercube. By a straightforward argument, it suffices to
argue the case where p = |¢p)¢| is pure and orthogonal to |¢) (the case of general p can then be
understood by writing p in terms of the eigenbasis of the “acceptance” operator A mentioned earlier,
which includes |¢) as a top eigenvector). Our main technical result is the following.

Proposition 2 (Orthogonal pure state version). With probability 1 — 2= over a Haar-random
target state ), for all pure states |¢) orthogonal to i),

E [P0+ E |W&DIe7 D) [P <2 -,
j~n j~n
w~Meas(]$), X, [n]\]) z~Meas(|¢),Z,[n]\j)

for a universal constant ¢ > 0 independent from n.
Let us define the functions f,g: {0,1}" — C via
Yo f@lx)  and o) = > gla)|a).
z€{0,1}n ze{0,1}

For convenience, we will also switch to the natural notation |f) = [¢), and |g) = |¢).
To formulate Proposition 2 in terms of f and g (and their Fourier transforms), we can define the
“edgewise averages”

z) + f(x +1i)g(x +1)
Ang[g] = 2,’122‘ ‘2+|fl'+l)|2 6[071]ﬂ

+f<s+z> (s+0)|

Avglg] = — ZZ ‘

[0,1],
)2+ f(s +1)|?
noting that
Avgglol= B [P and  Aveglgl= B[PP8
z~Meas(|¢),X,[n]\7) z~Meas(|$),Z,[n]\5)

(The factor of 5 in Avg[g] and Avg 79] is because the sum double counts each inner product.) With
these definitions, Proposition 2 is equivalent to the following “uncertainty principle”, which, as we will
show along the way, is equivalent to the uncertainty principle for weighted influences of Theorem 2.

Theorem 4. With probability 1 — 2= over a Haar-random f : {0,1}" — C, ||f||2 = 1, for all
g:{0,1}" = C, |lglla = 1 with (f,g) =0

Avg[g] + Avgslg] <2 —c,
where ¢ > 0 is a universal constant independent of n.

Before explaining our approach and relating this inequality to other types of uncertainty, we
pause to note one final formulation that will be used several times. The averages can be expressed as
quadratic forms in g, namely as

Avg[g] =: (g9, Msg)
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for an appropriate matrix parameterized by f (this is the matrix corresponding to the “acceptance”
operator A mentioned earlier). Similarly,

Ave;(g] = (G, M75) = (g|H®" MFH®"|g) =: (g, M7g).

The uncertainty principle thus has the following spectral interpretation: individually, the two operators
My and M 7 have an inverse-polynomial spectral gap:

Spec(Mf):{l,l—@(%),...} and Spec( {1 1-— (n),},

where the top eigenspace is in both cases one-dimensional with eigenvector |f). The latter follows
directly from the analysis of the “one-basis” test of [HPS25] (and the fact that this analysis is tight
can be seen, for instance, via an example described in [CLSW26, Appendix A]). Yet, what we show
is that -
Spec(M;y —i—M]?) ={2,2—¢,...},

for a constant ¢ > 0 independent of n.

As we present the proof ideas in the rest of the technical overview, we will arrive along the way
at a reformulation of this uncertainty principle in terms of the total influences (as stated earlier in
Theorem 2).

2.5 Proof ideas II: Proving the uncertainty principles

We explain our proof approach in three stages: an “unweighted” toy case, the “phase state” case, and
the general case.

2.5.1 Unweighted toy case: an uncertainty principle for total influence

Consider the uniform unweighted case, where we replace each occurrence of f(z) or f(s) with 277/2
(note that this is a toy case because such a function f does not exist!). Then, instantiating the
previous definition of Avg[g] with the constant function f = 2—n/2

Avglgl = - ZZIQ ) +gla+1)|*.

A simple, but revealing, observation is that, since ||g||, = 1, we can rewrite Avg[g| as

AVg[g] =1- :Lz<g(z)29(x+l)> =1- %Infcount[g] ’ (1)

we have

1,x

where Inf .,y = Inf [2"/ 2. g] is the total influence of g under the counting measure (which is the
correct scaling for g). The identity (1) can be straightforwardly checked; for the proof of a much
more general identity, we refer the reader to Appendix C.

In this toy picture, the desired uncertainty principle for Avg is then, for a universal ¢ > 0,

Avglg] + Avg[g] < 2 — ¢ < Inf.ount[g] + Infeount[g] > cn.

It turns out this uncertainty principle is true and for example follows from a graph-theoretic
uncertainty principle of [BK15] specialized to the hypercube. We give a short, self-contained proof
next.

Proposition 3 (Uncertainty principle for total influence). Let g : {0,1}™ — C with ||g|l2 = 1. Then

I conel] + Infoua[d] > (1 25 ) @

Moreover, this inequality is sharp.
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Note that it is a standard fact that

Inf ount [g] = Z |S| : |§(S)|2 ) (3)
and thus Proposition 3 is equivalent to
Slsl- G+ Y Jal - g(@)? = (1= Z5)n- (4)
S x

Proof of Proposition 3. Let D = [1}1]| = (3 ). Inspecting (4), one observes that

n

Infeoulg] = (gl H*" (S 1%~ @ Do 1" ) HO" |g)

j=1

and Inf.ount[g] = (9] ZI®J}71 @Dl l9) ,

Jj=1

where I = (§9) and H = (1 !;)/v?2 is the 2 x 2 Hadamard matrix. The best constant in (2) is
therefore given by the minimum eigenvalue of the operator

A=Y" I '@ (HDH+D)®@I* =3I 'eMaI"7.
— Jj=1
=M
Let {|u),|v)} be an eigenbasis for M and note that the (I~! ® M ® I"7)’s are simultaneously
diagonalized by the eigenbasis {|u), |v)}®™. As a result, the spectrum of A comprises n-term sums
of elements of Spec(M), and in particular

)\min(A) = n)\min(M) .
The last quantity Amin (M) is determined by direct calculation. O

We remark that this influence uncertainty principle, especially in its formulation in (4), is in some
sense the right hypercube analogue of the Heisenberg uncertainty principle. This is elaborated in
[BK15].

2.5.2 The phase state case and some key ideas

Let us now return to the f-weighted quantities Avg,[-] and Avgf[ -], where recall that the goal is
to show
Avglg] + Avgzlgl <2 -c,

for some universal constant ¢ > 0. In this subsection, we will focus on the crucial special case of f a
phase state, i.e., | f(z)|?> = 27" for all z. Note that, while in the toy case the uncertainty principle
holds for all g with ||g]l2 = 1, once we move to the f-weighted case, we must restrict our attention to
g that are orthogonal to f, as in the hypothesis of Theorem 4 (and this restriction is necessary since,
for example, Avg ,[f] + Avng[]?] = 2). Since we seek a theorem holding w.h.p. over a random f, it is

natural to attempt to prove concentration of the operator norm of My + ]\//[} when restricted to the
subspace of allowed g’s. Unfortunately, the set of valid ¢’s is now a “moving target” (moving with f),
and this seems to frustrate naive spectral approaches, such as those used in the toy unweighted case.

The first key idea in this work is a simple transformation that both decouples f from ¢ and
recovers a connection to total influence. Specifically, we factor out a copy of f from g, which is
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possible with probability 1 over Haar-random f and always possible for f’s coming from phase states
(the latter being our current focus). Formally, define ¢ : {0,1}" — C via g = fq, and note that

gl =1 <= > 1F@)Pla(@)® = a2 umir) = 1

and

(£.9) =0 = 1 @)4(x) = Bomunitq = 0.

where we have used that |f(z)|? = 27" for all . Recall that in the formulation of the uncertainty
principle from Theorem 4, we care precisely about functions g satisfying the two conditions on the
LHS above. Thus the class of g “compatible” with f is exactly those g = fq where ¢ is nothing but a
balanced Boolean function, with standard L? normalization with respect to the uniform probability
measure on {0,1}".

Moreover, with this definition of g,

|1f(@)%a(x) + | f (@ + ) Pq(z + )|
Al =535 P+ [+ )P

1 (2
- ;%@mgq(x) + gl +9)

—1-ym (IQ(@—;J(JCH)I)Q

z~unif

=1- fInf[ 1, (5)

where Inf is the standard total influence. So we have conveniently recovered, for the standard-
basis side quantity Avg;[g], an analogous expression to the earlier Equation (1), up to the correct
normalization for the influence, and the passage from g to gq.

One may then hope the rest of the story matches, and we recover Inf[g] on the Fourier side.
Unfortunately this is not what happens; making this same substitution into Avg f[’g\] does not yield
Inf[g] but the following expression:

= o o
Flo)Fats) + Fs + i) Fals + )
S+ f(s + )P

Avg{fq) = ZZ

In dual fashion to the standard basis side, this can be simplified to 1 — %Inf [g/ﬂ, but §/fA has

no simple algebraic relationship to g, and we thus cannot pass to 1 — %Inf [q]-
Despite this, it turns out that one can (with significant effort) show the following concentration
inequality: for essentially? any fixed ¢, we have

(6)

— 1 .
Pr| Avgs(fa] > 5 +1| < exp(—ct®2"/?), (7)

Note this observation is not immediately useful because the quantifiers are in the wrong order: recall
that we want a statement asserting that with high probability over f, it holds that for all ¢, Avg f[f;]]
is well-behaved, whereas in (7) we are fixing a ¢ before selecting a random f. But we could hope to
correct the quantifier order via a union bound over an e-net for the ¢’s, provided this net is not too
large.

2We argue this concentration for all ¢ satisfying certain technical regularity conditions. This suffices for the argument
that follows.
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What set of ¢’s should we use? The covering number of the set of all ¢’s is unfortunately too large:
exp(Q(2")) for e = O(1). But recall that the standard-basis quantity Avg[g] is directly related to
the total influence of g—and it is well-known that the set of low-influence ¢’s has small covering
number. Connecting influence to the concentration phenomenon in (7) is the second key idea of this
work, and we do so via a win-win argument. In the first case, Inf[q] is large, which means Avg[g] is
small and we are already done. In the second case, Inf[q] is small and the e-net argument succeds in
switching quantifiers in (7). In more detail, we argue as follows. Fix a sufficiently small £ > 0.

1. Let f be a random phase function. Let g be compatible with f (i.e. ||g|| = 1 and (f, g) = 0),
and let ¢ =g/f.

2. If Inf[g] > kn for some x > 0, then, by (5), Avg,[g] < 1 — k and we are done: Avg,[g] +
Avgzlg] <2 — k.

3. Otherwise, Inf[q] < kn.

(a) Since Inflg] =", |s| - |g(s)|?, small influence forces ¢ to be approximately a low-degree
polynomial. By a straightforward argument, there is a 0.01-net (with respect to L?
distance) Q%Y of such ¢ with cardinality |Q,(§O'Ol)\ < exp(c - 20Wrn)),

(b) For k sufficiently small, the concentration in (7) beats the 0.01-net cardinality |Q,(§0'01) |

Thus by a union bound, w.h.p. over f, all ¢* € Q20.01) have Avgf[?q\*} < 0.51. Moreover,

—~

Avng[f -] can easily be seen to be 1-Lipschitz, so we conclude that w.h.p. over f,

Avgf[??]] < 0.52 for all ¢ with Infq] < k.
Thus in this case, w.h.p. over f, Avg;[g] + Avgf[ﬁ] < 1.52.

4. Putting things together, we conclude that w.h.p. over f, Avg[g] +Avgf[§] < max{2—k, 1.52}.

Although this argument is not strictly necessary for our general f result, we include a formal version
of it as an interlude between Sections 5 and 6. For the case of general f to be outlined shortly in
Section 2.5.3, several more obstacles will be lurking, but the general shape of the argument is shared.

Concentration bounds for Avgf[f:]]: Proof of Equation (7). We now briefly describe the
ideas behind the proof of the concentration bound in (7):

1
I}r Avgs(fq] = 3 +t| < exp(—ctf27/3).

The main technical challenge is that (for a fixed ¢) while the numerator of Avg f[ﬁ], as in Equation (6),
is a quartic polynomial in the entries of f—and thus amenable to concentration of polynomial chaos
arguments—the presence of the denominators seems to frustrate all off-the-shelf concentration
approaches. Moreover, the exponentially many terms in the sum are all mutually dependent (albeit
weakly), and naive bounded difference (Efron—Stein) and Herbst-type arguments also do not work
because Avg f[??]] is highly non-differentiable in the f(x)’s.

Ultimately we overcome this barrier as follows: we smooth each summand of Equation (7) by
adding a carefully chosen term 7 > 0 to the denominator and separately control both the smoothed
version Avgig) [?Z]] and the error term F = |Avg§;) [?Z]] — Avgf[fzj”. This fixes the differentiability
of the average, but seems to simply move the problem into the F term. However, we show that E
is upper-bounded by another quantity that is differentiable and indeed concentrates very strongly
around 0. This general perspective of smoothing and then differentiably bounding the smoothing
error will also be crucially utilized in the Haar random setting that we discuss shortly.
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Overall, we have completed the description of the main ideas that go into to proving Theorem 4
for the restricted class of f corresponding to phase states. Restated as an uncertainty principle
for total influences, we have that, w.h.p. over phase functions f, ||f|l2 = 1, for all g : {0,1}" — C,
lgll2 =1 with (f,g) =0,

g g
Inf|= +Inf{,\]>C-n, 8
{f ] f ®)
for a universal constant C' > 0.

Looking ahead to the full Haar-random f case, we will only be able to use the above win-win
argument on a “good part” of the hypercube where |f(x)|? is sufficiently close to its expectation
(notice that in the phase state case we do not have to worry about this!), and we will have to handle
the rest of the functions by other means. We explain this in the next subsection.

2.5.3 The full monty: Haar-random states and the good-bad partition of {0,1}"

We now turn our attention to the case of a Haar random f. Let us see what happens when we factor
an f out of g for general f (not necessarily with |f|? = 27"). Similarly to the above, we have

||9||2—1<=>Z|f )Pla()]* =1

and

(f,9) =0 <= > |f(@)]q(x) =

This suggests that for a given f we should define the probability measure ps(z) = | f(z)|?, whereupon
the compatibility requirements for ¢ can be written as

lallZzguy =1 and By, g(z) =0.

Crucially, we see that in the g-world, compatibility is governed only by the moduli of the f(z)’s
not their arguments. Thus from now on we will say that a g is pr-compatible if it satisfies the two
equations above.
This phenomenon carries through to Avg,. When viewed as a function of g, it only depends on
iy, and a straightforward calculation gives:
)2l fz+9)? |g(x)  gla+i)
Avesll =1 EZEH P ISt OP | f@) " far D)

q(z) — gz +9)[”
9

_ 1 2pp () pug (4 1)
L )t D)

1
1— EInfM [q],

where we have defined Inf,,[q] to match precisely the latter expression. Thus, Avg[g] is linearly
related to a weighted version of the influence of ¢, where each edge is weighted by the harmonic
mean of uy at each incident vertex. What’s more, since f is Haar-random, by standard concentration
inequalities, ps is approximately flat: pr(x) ~ 27" for most x (if this approximation held uniformly
for all z, then we would more or less be back in the phase state setting which we already understand).

Given the apparent dependence on the measure induced by f, rather than f itself, we are naturally
led to the following approach. First, stratify the f’s by their measure; i.e., define

Fo=A{f:py=n}.
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Then, for each “typical” u, repeat the win-win argument from the phase-state case, using the
randomness in f ~ynit Fj,. More concretely, for any p we have two cases: first, if Inf,[¢] > xn for a
suitable constant x, then we are done; second, if Inf,[¢] < xn, it is reasonable to try repeating the
e-net argument from before. And indeed, the fixed-¢ and random-f concentration bound (7) holds in
this adjusted setting where f is drawn uniformly from F},.

However, a problem appears when we try to take the union bound in the e-net argument. It turns
out that, unlike in the phase state case, a bound on Inf,[¢] does not, for typical ;, meaningfully
control the covering number of y-compatible ¢’s. Roughly, the reason is that Inf,[g] is not sensitive
to changes in ¢’s value at the points « with both: (i) abnormally large mass p(x) and (i) neighbors
that are “normal-sized.” There are many such points in a typical u, and this allows one to “hide” a
large e-net by varying the values of ¢ at such x. To be clear, this is not a weakness in our analysis of
the covering number; one really can show the existence of a 2, (N)-dimensional subspace of functions
q, all of which have Inf,[q] < kn—see Appendix B.

Our strategy for circumventing this barrier is to partition the domain into two sets: ALIB = {0,1}",
where A represents the points where p “looks uniform”, A := {z : u(x) € [1/(T'N),T/N]} for an
appropriate T' > 1. First we assume Inf,[q] < kn (otherwise we are done immediately), and then we
then argue two facts:

o A-part covering numbers. The covering number of the A-part of g, i.e., the set of g4 = ¢-1 4 for u-
compatible g, is suitably controlled by Inf,[q]. After some effort, this allows the e-net argument

to go through for ¢4, and we have: w.h.p over f € F, Avgf[f(JA] (1/2 + small)|lgall £2(u)
for all g4 corresponding to low-influence gq.

e B-part operator bounds. Second, for the “bad” part of q, gg = ¢q- 15 with B = A°, we can afford
to make a coarse bound because |B|/N concentrates below a small constant of our choosing

(depending on T'). In particular, defining Mz by the relation Avgf[ﬁ] =: (g, M}g% we show
the operator norm of HBM\J;HB is small (close to 1/2) with high probability. Equivalently,
(9B, féf}gg) is small with high probability. The cross terms in

Avg:{(ga + 9B)] = (94 + 9B, M\]’;(QA + gp)) are dispatched similarly, and are close to 1/4 with
high probability.

Together, these bounds yield the following schematic argument in the low Inf,[¢] case:
Avg{g] = (9. M7 g)
= (94 +gB,M (94 +9B))
< Avg{fga] + 2[TaM 5] |op - 19l 951, + [T Mg oy g5
< (1/2 +small)[lgall72 () + (1/2 + small)|[gall2llgs 2 + (1/2 + small)||gz]I3
= (1/2 + small)||gall3 + (1/2 + small)l|ga|l2lg5 2 + (1/2 + small)||g5||3

/2 1/4 llgall2
— + small
(llgallz s llgsll2) (1/4 1/2> (HQB”Q sma
< 3/4 + small.

Here, the fourth line follows from the spectral bounds on II4M¢Ilp and IIpM;Ilp (plus the A-part
analysis); the fifth line follows from the fact that ||gal z2(.) = [lgall; and the last line follows from

the observations
1/2 1/4
1/4 12

Combining this bound with the high-influence side of the win-win argument, we conclude Avg[g] +
Avg:lg] < max{2 — £,1.75 4+ small} < 2 — (1), as desired.

3

=1 ad [(leall: laslla) |, =l = 1.
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As anticipated, this uncertainty principle has a satisfying equivalent reformulation in terms of
influences, as in Theorem 2.

We conclude the technical overview with some technical details about the A- and B-part analyses.

A-part analysis: from influence on A to influence everywhere via linear extensions.
There is a significant—but subtle—issue with completing the covering number argument for low-
influence g4’s. Recall that in the win-win argument we are only allowed to assume that Inf,, is small
for ¢ itself, but here we would like to control the covering number of the g4’s, and it is not always
the case that Inf,(¢4) < Inf,(q). This lack of monotonicity may be blamed on the edges crossing
the A-B boundary, which can contribute very different values to Inf,, for ¢ vs. g4. The most that

can be said immediately is that Infift(A) (ga) < Inf,(q), where the interior influence

(2)pu( +1) <q<x>_q<x+¢>)2
x) + p(z +1) 2

I flnt(A) = M
nr, (QA) Z 2,&(

i, xEA,
T+i€A

is the subsum of Inf,[¢] using only edges fully inside A. And unfortunately, a bound on Infi;t(A) (ga)
alone does not always constrain the covering number of the ¢4’s—some counterexamples are explained
in Section 6.

The crucial insight is this: as long as p is derived from a Haar-random f, the geometry necessary
for these counterexamples to arise is not present except with very low probability. More formally, to
finish the proof, we show that with high probability over the choice of u, a bound on Infi;lt(A) [q4]
actually does upper-bound the influence of a certain extension Extsga of g4 to the whole cube,
and this suffices to control the metric entropy of the ga4’s. We make this comparison via a careful
combinatorial argument, drawing some inspiration from the canonical paths analysis of [HPS25] and
their “local escape property.”

B-part analysis: decoupled Fourier coeflicients and random pavings. We explain the
argument for bounding HHBMfHBHop; the cases of HAMJ?HB and HBMJ?HA are similar. First
observe that, as u varies, B acts as a random subset of {£1}" with permutation-invariant law—and
actually membership in B is very nearly i.i.d. Bernoulli-distributed. As such, IIz can be considered
a random coordinate projection, and when applied to a fixed matrix as in IIgQIlg, constitutes
a random paving in the sense of a work of Tropp [Tro08] concerning a partial resolution to the
Kadison—Singer conjecture. Provided certain technical conditions hold, [Tro08] roughly states that
sufficiently sparse random coordinate projections have small operator norm.

Of course, our situation is not Il g QI for fixed Q; M R is certainly not independent of B. However,

the entries of M} are defined by the Fourier coefficients of ]?7 and it turns out that for Haar-random
f, O(n)-sized marginals of (f(s))s can actually be considered as independent of p. Thus for tracial
moments of IT BM\J?H B up to order O(n), we can “freeze”’ an approximation to ]\/4} and apply the

random paving result of Tropp. Unfreezing M- gives the result. This argument is quite involved, and
requires several Lindeberg-type replacement and Gaussian interpolation steps. Moreover, throughout,
we must work with the 7-smoothed quantities introduced earlier.

2.6 Outlook

Our work leaves several questions open.

1. Hay from the haystack. Our test can handle all but a 2-%(") Haar-fraction of target states.
What familiar, structured families are in the “good” set? For example, the concurrent work
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Empirical distributions over Haar-random f

1.68

1 | _: f { + =

1.62

arlg] + Avgrlg]

max Avi
gLf

I

I

1.60

Figure 2: Numerical values for the uncertainty principle constant 2 — ¢. Each distribution represents
the empirical distribution of the second eigenvalue of Ay + H®" A ]?H @7 for 100 Haar-random samples.

by Du et al. [DLHT26|, which also certifies almost all target states with constant robustness,
provably applies to random graph states, a subclass of stabilizer states, and, numerically, seems
to apply to random brickwork states (which we expect to be the case for our test too).

2. Improving the robustness constant. We proved that our test is C-robust, i.e. it can distinguish
states that are e-close from states that are Ce-far, for some very large constant C' closely related
to the second eigenvalue of the My + H®" M fH @n gperator. However, experiments suggest
that C' should be at most 4—see Figure 2. The constant is important in practice: establishing
that C' = 4 means that our test can distinguish, e.g., states that have 99.9 fidelity with the
target from states that only have 99.6 fidelity). For comparison, in our prior work [CLSW26],
although our test relied on one O(logn)-qubit measurement, we were able to formally show
that C' = 2.

3. A “fully tolerant” test. One might also wish for an algorithm that is (£1,e2)-tolerant for
independently-settable €1,e2 > 0, meaning that it can distinguish between states that are
e1-close and states that are eo-far. In order to achieve this, it is necessary to depart from the
framework of a one-shot (independent of the tolerance parameters) test that is subsequently
amplified sequentially.

4. Robustness for all states. As mentioned, our test can only handle all but a 2=(") Haar-
fraction of target states. This limitation is inherent for non-adaptive tests: Gupta, He, and
O’Donnell [GHO25] showed that some adaptivity is required for any test (robust or not) that
handles all target states. Finding such a test, or showing that it does not exist, is one of the
main open questions in this area.
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3 Preliminaries and conventions

3.1 Notation

We briefly fix some notation used throughout. Further, special symbols defined throughout the proof
are recorded in Appendix A.

e We denote N = 2" always.

e We use the unitary normalization of the Fourier transform over Zj:
=~ 1
5) = —— z)(—1)%s%9%
fls) =7 Em f@)(=1)

o We write s+1¢ for s,¢ € {0,1}" to mean the bitwise XOR. If ¢ € [n], we interpret s+ as s with
the ith index negated. The latter will also be written as s 4+ e; when extra clarity is beneficial.

e The undecorated L? norm || - ||, is always with respect to the counting measure.

e Wedenote (f,g) =, f(x)g(x). Weuse (f, Mg) = (f| M |g) interchangeably. For a probability

measure 4 on {0,1}", we use (f,g), = >, pu(z)f(x)g(x).

The shorthand “unif” denotes the uniform probability distribution on {0,1}".

A Steinhaus random variable is a uniform (Haar) draw from the set {z € C: |z] = 1}.

Exponents attach first. For example, for some random matrix A,

Etr A? := Eltr [AP]]

e For a probability measure o on the hypercube, define (f, g),, = >, u(x) f(x)g(x).

3.2 Basic facts about the Porter—Thomas distribution

For any probability measure p on {0,1}™ let the (Fourier) bias of p be denoted by

Bias(1) = manx VN [ji(s)] = maux 3, () (=1)77].

Lemma 1 (Bias of Porter-Thomas measures). Let i be Dim’chlet(f) on N = 2" coordinates. Then
with probability at least 1 — 2~

Bias(u) < O< ;)

Proof. Fix a nonzero s € {0,1}". Write
Es :={z: xs(x) =1}, Os :={z: xs(x) = -1}
Since s # 0, the character x, is balanced, and hence
B = 0] = N/2

Therefore, using unitary Fourier normalization,

VNTi(s) = > p@)xs(x) = p(Es) — p(Os) = 2u(Ey) — 1.
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By the aggregation property of the Dirichlet distribution,
w(Eys) ~ Beta(N/2,N/2).

It is standard that Beta(N/2, N/2) is subgaussian with scale N~/2 around 1/2. Thus there is a
universal constant ¢ > 0 such that for all t > 0,

Pe[VA|7i(s)| > 1] = Prlla(E.) — 1/2] > t/2) < 2exp(~eNe2).

Taking a union bound over all N — 1 nonzero s, we get

Pr [mj{:}»{\/ﬁm(sﬂ > t] < 2N exp(—cNt?).

n
t_C”N

2N exp(—cNt?) = 26xp(n log2 — chn) < 278

Now choose

with C sufficiently large. Since N = 2",

for C' large enough. This proves the claim. O
By similar, routine arguments, the same bound holds for the 3/2-norm:

Fact 1. With probability at least 1 — exp(—(n)),

Zz:u(w)w < C’)(\/g) :

4 Reducing to an uncertainty principle

We begin the analysis of our one-shot test, Protocol 1. From here on, the paper will focus on proving
that Protocol 1 satisfies Theorem 1, restated here for convenience.

Theorem 1 (Constant robustness with single-qubit measurements). There exists an efficient protocol
using single-qubit measurements that, for all but a 2= fraction of pure n-qubit target states [v),
satisfies the following. Given oracle access to a classical description of the target state |1) (via the
model in Definition 1), and a single copy of an n-qubit mized state p,

o (Completeness) Outputs accept with probability at least (1| p |1).

o (Soundness) Outputs reject with probability at least 1=l
c
(i.e. approzimately the “infidelity” up to a constant factor).

o(1), for some constant C' > 1

Moreover, the single-qubit measurements are all non-adaptive Pauli measurements, except for one
final (non-Pauli) adaptive measurement.

The first observation is that, for a target state 1)) and a lab state p, we can rewrite the acceptance
probability in Protocol 1 as Tr[Ap] where A is the following PSD operator:

1 A~/ . —~/ .
= %Z Z |Z><Z|[n]\i®|¢ W), + Z Z (HE ! |Z><Z|H®"_1)[n]\i®|¢£z))<wg)\i ,

i z€{0,1}n—1 i ze{0,1}n—1
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where |w§z)> is the post-measurement state of the i-th qubit upon measuring all qubits of |¢)), except
the i-th, in the Z basis and obtaining outcome z; and |1]J\LZ)) is defined analogously, except the
measurements are in the X basis.

We first argue completeness. Consider first a pure lab state |¢), and write it in an eigenbasis of A.
Notice then that Tr[A |¢p)X¢|] is a convex combination of the contributions from each eigenvector of
A (since the eigenvectors are orthogonal to each other and remain orthogonal under the action of

A). Since |1) itself is an eigenvector of A with eigenvalue +1, we have Tr[A [¢p)X¢|] > | (¢)|#) |?. This
extends to mixed lab states p, to give Tr[Ap] > (Y] p|¢h).

Thus, from here on, we will focus on soundness. For convenience, let us switch to a notation that
will be more natural going forward: denote the target state by |f) = > f(z)|z). Notice that it
suffices to argue soundness for pure lab states |g) = >~ g(x)|z), as soundness for mixed lab states p
will follow by convexity. We can further reduce soundness to a statement about lab states |g) that
are orthogonal to | f):

Proposition 4. With all but 2= probability over a Haar-random target state |f), for all pure
states |g) orthogonal to |f), we have

Tr[Af [g)g]] <1—c+0(1),

for some constant ¢ > 0 where Ay is the acceptance operator corresponding to the target state |f).

Soundness of Theorem 1 from Proposition 4. We know (f|Af|f) = 1, and, by Proposition 4, with
probability 1 — 27" over the target state |f), the following holds for all |g) orthogonal to |f):
(flAf|f) <1 —c+o(1), for some ¢ > 0. Then, Ay < [f}f|+ (1 —c+o(1))P for P =1—|f)f|.
That is,

Ap = (1= e+ o()T + (c— o) LA -

Thus, any lab state p satisfies
tr[App] < 1—c+o(1) + (e —o(1)) (flolf) -

Rearranging gives

Prreject] = 1 —tr [Asp] > ¢(1 = (flplf)) —o(1).
i O

This yields exactly the desired soundness of Theorem 1 by setting C' =

So, our goal for the rest of the paper will be to prove Proposition 4. As discussed in the technical
overview, we will view Proposition 4 as an uncertainty principle. Let |f) = H®™ |f) and |g) = H®™ |g).
Now, Ay is the sum of a “Z-basis test” term and an “X-basis test” term. It is straightforward to
verify that we can rewrite Tr[Ay |g)g|] as

1 1 .
SAve;lg] + S Aveslg].,

where

2+ F@ T Dgla+1)|

Avg;lg] = 2HZZ’ )2+ [fl@+i))2

+f(8+2) (s +1)
8%+ |f(s +1)?

’ 2

Avgzlg] = o~ ZZ ‘

Here, for an index ¢ € [n], we used the shorthand notation x + ¢ to denote the string where we flip
the i-th bit of z. And the additional factor of § in Avg[g] and Avg[g] comes from the fact that
the sum over z double counts each inner product. Thus, we can equivalently rewrite our goal as the
following theorem (restated from the technical overview):

1 Contents 20 Glossary )



Theorem 4 (The uncertainty principle). With probability at least 1 — 2= gver a Haar random
f:A0,1}" = C, || fll2 =1, for all g : {0,1}" — C, ||g]l2 = 1 with (f,g) =0,

Avg;[g] + Avglg] <2 —c,
where ¢ > 0 is a universal constant independent of n.

As mentioned in the technical overview, the latter uncertainty principle has an elegant reformula-
tion as an uncertainty principle for (generalized) total influences.

Corollary 2 (Uncertainty principle for generalized influences). For a probability measure pn on
{0,1}"™ and a function h : {0,1}" — C, define the “Harmonic mean weighted influence”

_ 2p(@)u(x +14) (@) —h(z +)\’
Inf,[h] = Z w(x) + p(z + 1) ( 2 >

1,2

Then, with high probability over a Haar random f :{0,1}" — C, ||f|la =1, for all g : {0,1}" — C,
g g
Inf,,, [f} + InfoA []?} >cn,

where ¢ > 0 1is the same constant as in Theorem /.

Proof. This follows immediately from the identity

1 9
Avg,lgl =1— EInfo [f} ,

which holds for all f and g such that ||f||z = 1, [|g|lz = 1, and hence also for f and § (as long as
f and f are non-zero everywhere, which happens with probability 1). We leave the proof of this
identity to Appendix C. O

5 Concentration of Avg f[]/“?;] for fixed g

The first key technical step in our argument (which is outlined at a high level in the technical
overview) is to prove the following concentration bound for Avgz{fg]. This section is devoted to the
proof of this bound.

Theorem 5 (Concentration of Avgf[?a] for fixed q). There exists a universal constant ¢ > 0 such
that for all t > 0, with probability 1 — exp(—Q(n)) over u ~ w, for any p-compatible q satisfying

mgxu(x)|q(x)|2 < Il 32,
we have the bound

1
Fal> = < 16 1/sfo<1>).
f{’?“ Avgf[fq] z 5 +t+0(1)} < exp( ct®N

Fixing f and g for now, let us establish some notation. Write

AD =157 vg, wi) [

for
Ug ~ ~

= v = (6 S a)  and = (363054 9).

Vs
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Then Avgy(g] = L5 AW,

Each A®s is a sum of terms each of which depend on disjoint pairs of Fourier coefficients of the
underlying random vector ( f (nc))z If the underlying randomness were rotationally-invariant (namely,
Gaussian), then unitarity of the Fourier transform would also imply A is the sum of independent
random variables, each functions of disjoint independent Fourier random variables. Unfortunately, the
Steinhaus ensemble ( f (x))r is not rotationally invariant. That would not be a problem if v,’s were
not normalized, for then A®) would at least be a low-degree polynomial chaos. But normalized it is,
and so typical approaches—even bounded differences or Herbst-type arguments—do not immediately
apply.

To get around this, our strategy is to introduce for each i € [n] the following smoothed quantity,
which has well-behaved derivatives. For § > 0, let

Z ‘ Us, ws
lusl3 +6°

Let D(l AW _ A Y be the difference. Now D((;) also has bad derivatives, so it would seem we have

done nothing to help the situation. But in fact, D((;)

1 1 1 1 )
=3 | Us, Ws 2( - ) =3 | Us, Wg 2
3 2 s wd P\ e ~ ) = 2 2 e e P e

dllws
= Z |u|||1|ﬂ |_||_25 (Cauchy—Schwarz)
sli2

is pointwise dominated by something nice:

: Bél) .

The gradient of B @) i sufficiently well-behaved for a Herbst-type argument succeed.
Theorem 5 is proved in two parts. First, we show the expectation is 1/2 4 o(1) by passing to a
Gaussian model (each f(x) distributed as a complex Gaussian with variance u(x)). Then we show

Avg f[ fq] concentrates about this expectation via a Herbst argument and log-Sobolev inequalities for
Steinhaus ensembles. The §-smoothing idea above will be crucial in both parts.

5.1 Technical preparations
We will need hypercontractivity for Steinhaus random variables:
Fact 2 (LP-L? Steinhaus Hypercontractivity [Wei80]). Let T™ = {(21,...,2,) : |2z:] = 1}. Let
f:T" — C be a polynomial in z;,Z;, 1 =1,...,n of total degree at most d. Then for all p > 2,
®1F1)7 < (- DV2(®|72).
And let us also state the straightforward Wick-type pairing rule about Steinhaus mixed moments.

Fact 3 (Steinhaus pairing rule). Let J € N.  For w; i.i.d. Steinhaus random variables, and aj,b;
integers, for j=1,...,J, one has

Eijj](D

o, 1 ifay=b;,i=1,...,J
0 otherwise
We will also use moments of w, sums in several places.
Lemma 2. Let W =Y ||ws||3. There exist universal constants ¢,C > 0 such that

Ewg% and Pr[|W—EW|>t]§exp(—cht) forall t>

=
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In particular, we will use the instantiation

K
Pr {W > N1/3} < exp(—cVKN/?). 9)
Proof. We claim that for all s,
E [Jw,ll5 < e (10)
Indeed,
E |wsllz = E[g(s)|* + 2E[g(s)*[g(s +0)* + E[g(s +i)[*
and by Fact 3, for any s,
- 1 x,s
E[gs)' =15 B |V (@) weg(@) (= 1)
| OMCICETOIIIES STECTELY
1 2
= N2 <2 - Zﬂ(m)ZQ(I>|4> < N
Similarly,
) 2
B[g(s)*[a(s + )" = 53 D& = (@) ()"
) 2
< (lgl3 = 1)
2
= ﬁ .
This proves (10); summing over s then gives EW < 8/N.
Towards concentration, applying Minkowski (L? triangle inequality) we get
2 2
1/2
Var[W] < EW? = E(Z ||ws||3> < <Z(Ews||§) ) :
Then by hypercontractivity for Steinhaus (Fact 2) and Eq. (10),
1
E s E s NTA
w3 S (B flwsll2)* S 5
So )
Var[W] 5 m
Markov’s inequality finishes the argument. With p to be chosen later,
Pr[|[W —EW| > t] =Pr[|[W — EW/|P > 7]
E[|[W —EW|?]
S
< t7P(p —1)?PVar(W)P/? (Fact 2)

IN

pQC p
tN
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and choosing p = \/tN/(eC),

Pquv>-ELV|>t]gemp(—cvﬁv). O

5.2 Bounding the expectation
In this section we prove:

Lemma 3. For allt > 0, for all n large enough, with exponential probability over p ~ w, for all
fized p-compatible q,
Z AW

To evaluate the expectation, the general idea is to use that in the n — oo limit, small marginals

of the joint distribution (f(s)) are jointly Gaussian—and each A(®) can be exactly integrated
in the Gaussian model.

More formally, let © ~ p be fixed. In the Gaussian model we replace f with independent scaled
Steinhaus entries with f sampled with independent entries f(z) ~ /u(x) - CN(0,1). Denote this
distribution of f’s by Gauss(u).

Unfortunately, while the AW gre sums of terms involving only a small marginal of the joint
distribution ( f (s))57 these terms are not themselves Lipschitz in the underlying randomness, so
standard Berry—Esseen-type comparison theorems do not apply. To get the desired convergence to

the Gaussian model, we must therefore work with the smoothed quantities Agi)

E Avgf[fq <= +t

s€{0,1}"

and the error bounds

Béi) introduced earlier.
In particular, because
EAD <EAY +EBY,

Lemma 3 would be true if we could show the RHS terms are at most 1/2 + o(1) and o(1) respectively.
Schematically, we get the bound via

EAD <EAY +EBY
- E AD EAY _E A9 EBY
Gauss(p) 41§ + ) Gauss(p) 415 + )
< EGauss(u) A(Z) + (E A((Sz) - EGauss(u) AS;”) + E B((SIL)
where the last line holds because Agi) < A pointwise. Each of the terms in the last line are bounded
in a separate subsection: the first term is proved by direct integration, where we make heavy use of

Gaussianity; the second term is by a Lindeberg replacement argument; and the third term is handled
via negative moment bounds for Steinhaus sums.

5.2.1 Bounding E A® in the Gaussian model
The main claim of this section is as follows:

Lemma 4. With probability 1 — 2= over y ~ p,

Z A
Let us record some facts about us and ws in the Gaussian model. Begin by noting that for all s,

s = CN(0,%;) with &:i(ﬂﬁm ﬂ?@>

<5 +o(1)

Gauss
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Justification for the off-diagonal values of ¥; is as follows:

E[f(5)f(s +1)| = % B[S, , 7@ )xe @)xs+i(v)|

= 5 B[, |f(@)Pxi(x)]

= § 2 @)xi(2)

_ A0
ik

And similarly,
_ < . - 1 1 \/N;f|q|\2(i)>
ws = CN(0,%; with Y, = Ellw{wsl] = — —
L=CN(O,F)  wit oo = (muqm) 1

Moreover, in this model we may relate wg to us via Gaussian regression. That is, we may
decompose

_ 1 0 qu(?)
_ _ 1 _ 1 qu
ws =Augs+v, A=RE™, ~vlu, R=E[wsul]= i (@(Z) 0 > . (11)

Note that the diagonal is zero because it is gu(0) = E, ¢ = 0.

Before continuing, let us record a similar result for the expected outer product of vy, i.e., E[vsvl]s

Proposition 5. Suppose V'N |fi(i)| < 1/2. Then

Bl = 5 (prma )

2\ @ (VN (i)
where . ) -
2% —1 2 — (1 — z#) log==%
O(x) :z/ tr dt = ( 2) glfz.
o L+z(2t—1) 2z
Consequently,

1 1 O(V'N (i)
B0 =5 (ovmagy 1)

The proof is by explicit integration.
Proof. Let p; = v/NJi(i). The Hadamard matrix H = %(% ;) diagonalizes X;; i.e.,
1 14p 0
HY,H = N( ) 1_pi>.
So if &1, & " CN(0,1) and
o <\/1 + pi 51)
S \Wl=pi&)’

then ug has the same distribution as ﬁH y. Since normalization cancels the factor 1/v N,

oo S Lt Bl - B[
e 13

Now write
X:=[a? V=&

1 Contents 25 Glossary )



Then X,Y are i.i.d. Exp(1). By phase symmetry,

[(1 + pi)X&fQQ _ pi)Y} =0,

=[] = (6" 1 -S0)

SO

where

Conjugating by H gives

Use the change of variables

—X4+Y,  t= .
" t X+Y

For i.i.d. exponentials X,Y, r ~ T'(2,1), ¢ ~ Unif[0, 1], and r, ¢ are independent. Since X = rt and
Y =r(1 —t), the r cancels and we get

_ "A+pt—(1—p)(1-1) B Lot—14p
@(p)—/o - dtf/o mdt. O

Lemma 4 is proved in two parts. First an upper bound on each Eqauss(y) A is obtained in terms

g H

of quantities like (%), and then the average of these quantities over i € [n] is shown to be small.

Proposition 6. For all y with \/ﬁ\ﬁ(lﬂ < 1/2 and all p-compatible q, in the Gaussian model just
described,

(2) 1 mo M
N B O(“ﬁ"“ W as \/mwv) |

Proof. According to the Gaussian regression identites (11), the s*® term of A® decomposes as
{05, ws)[* = [ (vs|Alus) |2 + [ {vs]7) 7 + 2R(vs[Afus) (vs]7)
And by independence,

E[|(vs, ws)[*] = E[| (vs]Afus) *] + E[] (vs]y) [°] -
(*) (+%)

Bound the (xx) term. Again by independence we have

(x) = tr (E[[7)(v[] E|vs)(vs]])-
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Because the covariance matrix ¥; of w, dominates that of v, we have E[|7)(y|]] < 3;. Therefore,
using Proposition 5,

<tr (ZZE [vsXvs )

S VN ulP (i) ,1( 1 @(mmm)
wwmmo 1) 2o
1 .
N[l + VN P ()@ (VN (i)
1
<~ (1+ CVN ().
Here we used
VN la(i)| = D7 < p@)la@)? =1,
together with
1
()| < Clpl  for ] < 5. 0
Bounding the () term.
ug|Alug 2
(9= B[S < AR, B = AR 05 = 1412,
Now to bound || Aflop, use that || Rllop = [73(i)|/VN and |5 lop = N/(1 — V/NIji(i)]). Thus
2 2
(%) < |1 (0)] i o
(1= VNla))
Note that in both parts dependence on s has disappeared. Substituting back into A we find
g NJ1 o 2|7g(i)|?
E[AD] < [ 1+ CVN|u@)|) + —E2
2 N< ) (1 —|a(@)|VN)?
1 o Nlag(i)?
=+O(\/N,u(z)|+ | 0
2 (1= VNla()))?

It remains to show that both 7i(i) and 7ig(i)? are small with high probability:
Proposition 7. With probability 1 — 2= over p ~ p, for all p-compatible q,

1 ~ Nuq(i )|2
— VN|u(@)|+ ——="—"———]=0(1/n
n EZ < |12(2)| (1= VN[l )|)2> (1/n)

Proof. By Lemma 1, with probability 1 — 2-%(™ /NJi(i) < O(y/n/N). Thus it remains to

understand the numerator of the second term in each summand. Summing over 4, we find
Y NEa@ P =Y laxa)ul® < 1Glopllallzz gy = 1G o
i i

where G is Gram matrix of level-1 Fourier characters wrt p inner product:

Gij = (Xi> Xj) -
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Now write G = 1 + M and note that

[8]lp < mace 3 || < romae V()]
s|=
J#i

where in the last inequality we have used that for i # j,
[0 X3)| = [ @) (=1)" 9| = VN|a{i, j})] -

By Lemma 1, with high probability, maxs—o VN|fi(s)| = O(y/n/N). Thus we conclude

(1+n0O(y/n/N)) = O(1/n). O

S|

1 1
L N/\ . 2<7 . <
2 SN < Gl <

We are ready to finish this subsection.

Proof of Lemma 4. Combining the propositions, we have

- () 1 l e N\MQ()P :1 n
Z e Szw(nZ(m““”(—\Fu<>>2>> p + O/

Gauss(u) ;

5.2.2 Comparing EA‘(;i) and Egauss A((;i)

In this section it will be convenient to use the notation of Fréchet derivatives to differentiate random
variables as functions with respect to a coordinate of underlying randomness in C = R?. For any
h:C=R? — R, the notation D”h(z)[vy,...,vs] denotes the J* Fréchet derivative at z evaluated
along directions vy, ...,vy € C = R? and extends to mixed derivatives in the natural way. In the
context of Fréchet derivatives we shall also use the undecorated norm || - || to denote the operator
norm of the relevant space. Concretely,

DR = s [DIR()en, )]
v; €R? IIv]Hz 1
Jj=1,2,.
For this section we will also use @4 to describe the terms in our smoothed average:

[{u, w)|*

[0} =
8 0) = s

We will need some bounds on the mixed derivatives of ®5(u,w); for this it is most convenient to
argue in two steps.
Lemma 5 (Master derivative lemma). Define

uu™*

_— c 2.
ug+o" "

Pg(u) =

View Ps : C2 =2 R* — My(C) as a smooth real Fréchet map. Then for each k = 0,1,2,3,

ID*Ps(w)|| <p 6%/ for all u € C2.
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Proof. Write

s(u) = |Jul|? + 9, T(u) := uu™, Ps(u) =

We regard all derivatives as real Fréchet derivatives on C? =2 R*.
For h, hi,hs, hs € (CQ, define

ﬁu(h) = 2§R<u, h>, ’}/(hl, hg) = 2§R<h1, h2>
Then
DT (u)[h] = uh* + hu*, D?T(u)[h1, ho] = hih} + hohi,  D3T(u) =0,
and
Ds(u)[h] = Bu(h), D?s(u)[hy, ha] = y(h1, ha), D?s(u) = 0.
Now let r(u) := s(u)~!. Then
Bu(h)
s(u)?’
_ 2Bu(h1)Bu(h2)  y(h1, h2)

DQT(u)[hl, hQ] == S(U)3 s(u)2 9

Dr(u)h] = -

and
_ 6Bu(h1)Bu(h2)Bu(hs)
s(u)*
2(y(h, ho)Bu(h3) + y(hi, ha) Bu(ha) + y(ha, hs)Bu(h1))
+ 3(u)3 .

D3r(u)[h1, hg, h3] =

Since Ps = T r, the product rule gives

uh* + bt Bu(h)
s(u) s(u)? w

DFs(u)[h] =

Differentiating once more,
hih3 + hohi
s(u)
~ Bulh2)(uhi + hau*) + By(ha)(uh3 + hou*)
s(u)?
_ y(h1,ha) + 28u(h1)Bulh2)

s(u)2 uY s(u)d uy .

D2P5 (U)[hl, hg} =

Differentiating a third time yields

_Bu(hg)(hlh;‘ + hoh}) + ﬁu(hg)(h1h§2+ hshi) + Bu(h1)(hohi + hahb)

_ v(ha, h3)(uhi + hqu*) + v(hq, hi()u(zﬁh;; + hou*) 4+ y(h1, ha)(uhl + hau™)

| 2Bu(h2)Bu(hs) (uhi + hyu*) + 2/3552)&(;253@ + haw”) + 2Bu(hy) Bu(he) (uhf + hau”)
L 20(h1, h2)Bu(g) + v(hl;?zgfumz) + (o, hs)Bu(h))
_ 6Bu(h1)Bulh2)Bulhs) .

s(u)*

D3P5(u) [hl, ha, h3] =
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We now estimate these in operator norm. Assume |[|h||2, ||h;]]2 < 1. Then

[uh® + hu*|| < 2lfulla,  hahs +hohil| <2, fluwt]| = [ul3,
and
[Bu(R)] < 2[lullz,  |y(h1, h2)| < 2.
Therefore Il 2
u 2 u 2
DP, <
IDPIS 3 + i
Lol flulls
D?P, <
ID*Ps(wll £ S5 + 4o + g
e lello  Jll I3
u 2 u 2 u 2
D3P, < :
” 5(”)” ~ s(u)2 s(u)3 s(u)4
Using the elementary bound
[[ully" 2t
e St §m/ (m < 20),
(lull3 +6)*
we obtain
IDPs(w)| S 6712, |D*Ps(u)| S67%  ID*Ps(u)|| S 672
Also,
By = e
Jull3+0 ~
This proves the lemma. O
Proposition 8. Let
[{u, w)[?
Ds(u,w) := ~—5——.
lull3 + 6
Then
13 ®s(u,w)|| S 672 |lwl,  |DEDw®s(u,w)| S 6 wlla,  1DuDg®s(u,w)l| S 5712,

and D? ®s(u,w) = 0.

Proof. Write
Ds(u, w) = w* Ps(u)w.

Since @5 is quadratic in w, we immediately have
D3 ®s(u, w) = 0.

Also,

D@5 (u,w)k] = 2R(Ps(u)w, k), D2 &5 (u, w)[ky, ko] = 2R(Ps(u)ky, ka).

Hence

DuD?U(I)(; (u, w)[h, k‘1, k‘g] = 2%<DP§ (u) [I’L]kjl, k‘2>,

SO

1D D3, @5 (u, )| < | DPs(w)]| < 6712

by Lemma 5.
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Similarly,
Dti(I)g(u, w)[hl, hg, ki] = 2%<D2P5 (u)[hl, hg]w, k‘>,

and therefore
D5 Dy ®5(u, w)|| < [1D*Ps(w)]| [Jwlla < 6 wllo-

Finally,
D3®s(u, w)[h, ha, hs] = w* D3 Ps(u)[hi, ha, h3]w
whence
ID3 @5 (u, w)|| S |D*Ps(w)|| [[w]|3 < 5~%/2|w]3.
This proves the proposition. O

With these technical facts established, we can move on to the main comparison of this subsection.

Proposition 9 (Smooth replacement). For every fized i € [n] and every 6 = n/N,

E A~ E AV <, |uli2
B AT L E AT S el

Proof. We make a Lindeberg replacement argument. Let &; ir.'s CN(0,1), j € [N] and wj iris Stein,
j € [N]. We will identify these indices j with points z € {0,1}"; any bijection 7 : [N] — {0,1}" will
do. Define the “hybrid” joint distributions

Z(m) _ (€1, my Wity - - WN)-

Let us consider A(i) as an explicit function of the underlying randomness in any of these
hybrids: write A(z (Z(m)) to denote A( according to f(w = /u(w(k))& for all k < m and
f(x(k)) = /u(r(k))wy for k > m. Then

=

i ! ! i (i) p(m— () / rr(m
B AY = Ban A4 =B AP (Z0) ~B AT (Z) z_:lE[A (Z0m0) = AP (2],

so it suffices to control the error of the increments.

To that end, let us fix m, freeze variables except those for the m*™ coordinate and define
h:C= R2 - R
z »—>A((;)(fl,...,fm_l,z,wm+1,...,wN).

Taking the second-order Taylor expansion of h at 0, we get
1
h(z) = h(0) + Dh(0)[2] + 5D2h(0)[z, 2] + R(2).
The remainder R satisfies

(1-1t)? 1
R(z) :/ QDSh(tz)[z,z,z] dt, SO |R(2)| < =|2|* sup ||D®h(t2)]|.
o 2 27 o<i<1

Viewed as random vectors in R?, the ¢’s and w’s have matching means and covariance matrices,
so the constant, linear, and quadratic terms have the same expectation. Thus:

| E[M(wn) = h(&m)]| = |ER(wn) - ER(Em)|

< E|R(wn)| + E|R(En)
< Bl suwp ||DSh<twm>|] +E[|5m|3 sup [\ D*h(tén))
0<t<1 0<t<1
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so it remains to bound the third derivative of h.

Recall that 1
= 52 ®s(us(=), ws(2)),

where us(z) = ((f(s))(z), (F(s+ i))(2)) and wy(z) = ((E(s))(z), (E(s +1))(2)). For each s, the

dependence of us and ws on the mth coordinate is affine, so we may make the definitions
us(z) =: u[sm]—l—zam)s, ws(z) =: w[ ]—l—zbms,

where

s = ‘%””‘”(xs<w<m>>,xs+i<ﬂ<m>>), b = q((m)) .

In particular,

lam,slle = v pu(m(m) /Ny lbmsll2 =/ pu(m(m)) /N |g(m(m))

With this notation, the chain rule and the bounds on the third Fréchet derivatives of @4 in
Proposition 8 give

ID*h() S (IID3@5(us(z)7ws(Z))|| lam,sl3

+1D5Dw®s (s (2), ws () lam,s 13 11bm,sl2
+[1Du D3, s (us(2), ws(2)) ||am7s||2||bm7s||§)

< p(m(m)*? [5_3/2N_3/22|ws( M3 + 67 a(m(m)| N~ 3/QZIIWS )2

S

+ 5-1/2q<w<m>>|2N-1/2] .

Write
y(m) . (E1yee oy &ma1,C, Wity -y WN),

so that h(¢) = Agi) (Y (m:©)). Then Parseval gives

2 (Ol = 2Zu () [y P2,
For the Steinhaus interpolation segment, since |w;,| = 1,
sup Z lws(twm) 15 =2 u(x )L +2 ) p(r (k).
PSSt k<m k>m
2

Taking expectations and using E |,

sup Z lws (twm) 13 | = 22# (k))* = 2.

0<t<1

=1 gives

For the Gaussian interpolation segment,

JSup lews tea)llz =2 ul (B))?1€k]* + 2pu(m(m) g (7 (m)) [*|€m ?

k<m

+2) (e (k))lg(m(k))[>.

k>m
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Therefore, by independence and the finiteness of the Gaussian moments,

\§m|3 S lews tea)l3| = 2B [&nl® Y p(r(k))la(r(k))* E |

k<m
+2u(m(m))lg(m(m))|* E |&m|”
2B 6l 3 uln(k)lg(r (k)P

k>m

S D ula(k))la(w(k))[?

k
=1

Also, by Cauchy—Schwarz,

ZWI%f@We@%

Consequently,

1/2
sup Z |w8(twm)||g]> S VN,
0<t<1 45

sup ZHwS twm) ||2] < \ﬁ(

0<t<1

and

%beM%H<fWWW@
SVN.

Substituting 6 = /N, we conclude that

| Elh(wm) = h(Em)l| Sy n(m(m))*? (1 + la(z(m))[?).

Summing over m in the Lindeberg telescoping identity yields

’fPFu 45 - Gaubb(u) A7 Z“ 21+ Jg(2) ).
Finally,
Z (x )3/2 < ||/l||1/2 Zﬂ(x)3/2|Q(fﬂ)|2 < ||M||ié22u(w)|q( ||ﬂ||1/2
S0 |
| B 40— B AY| S Il

This proves the proposition.

5.2.3 Bounding EB(Z)
This subsection is devoted to the following:
Proposition 10. For any p € (0,1) and with 6 = n/N,

E By <P/t
fNF(;??
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Proof. To begin, separate the w’s and the u’s with Cauchy—Schwarz:

=l g H2+6(Z%"Z)”(;(%”;é)z)yg

so that (after another Cauchy—Schwarz),

o <Ezs:|ws”3) <EZ( el +5>2>1/2

1/2 5 1/2
< (EZ |ws||%> <EZ W)

The first term is controlled again by Lemma 2: EY_ |Jws||3 < 1/N. For the second term, note that

forally >0 and 0 < p < 2,

L Sy—:ﬂ/Q.
1+y

Thus,

d . n
[|usl3 + 6 Nlusl|3 +n

< 2 B[ (V]jus[13) 7]
< 72 B[ (NI f(s)H) 2]
= (Y B[If7),

where we have used |[u,]|2 = |f(s)2 + |f(s +i)]> > | f(s)|?>. Now by the negative-moment Khintchine
inequality for Steinhaus sums [RTW25|, we have for exponent ¢ = —p € (—1,0) that,

(5170 = 0, (B1R) = ¢ (L pspm) = G

where Cy > 0 is an absolute constant depending on ¢ only. Therefore E |f(s)\_p <CZ) N?/2 and so

< . P/2
Jus3+0 ~""

Combining these bounds, we conclude:
EBé)gp\/— an/z——np/4. O

Proof of Lemma 3. Fix t > 0. Taking p = 1/2 in Proposition 10, there is a universal constant C' > 0
such that, whenever § = /N,

5.2.4 Putting it together

EfNFM Bél) S 0771/8.
Choose 1 € (0,1] sufficiently small that

t
0771/8 S ga
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and set "

0:=—.
N
On the event where Lemma 4 holds and

oo = N7+,

the following estimates hold simultaneously for every p-compatible g:

(B Aveglfd = ZA“)
1 @, gl
< E |- (A B )
T f~Fuln ; o 55
1 ; 1 ;
< E |- AP 4+= AW — E B
T f~Gauss(p) ln Z d n zz: f~F, 4 f~Gauss(p) 5 ZfNF

%

<

c, 1/2 | opl/8
fNGauSS(H) + Cyllull ™+ Cn

Z A®

<3 +0< ) + Cyllpll L + Cn*o.

Here the first inequality uses that A < Agi) + Bgi) and the third uses that A((;i) < A® pointwise in
the Gaussian model.
The parameter 7 is now fixed. Therefore, for all sufficiently large n,

1 2t
o(%)+ ol < 3.

Together with the choice of 7, this gives
E Avg:{fq < Ly
Vg —+1t.
IF, grl/dl = B
The event used above has probability 1 — exp(—(n)) over pu ~ p, which proves the lemma. O

5.3 Concentrating Avg f[j/q]]

Now that we have shown E;.p, Avgf[}?]] < 1/2+ o(1), we turn to concentration. We will show

doubly-exponential concentration (in n) for each A individually, and then a union bound over
coordinates to finish the argument.
Recall our goal is to get an exp(—cN®) tail bound on the deviation of the following quantity from

its mean
A6 — Z |(us, ws)|
IIMSHQ

As mentioned above, A® seems to frustrate naive approaches because it does not have a nice gradient.

Theorem 6. There exists a universal ¢ > 0 such that

Pr[|A® —EA®| > ] < exp(—ctON/3)
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As before, we work with the following smoothed quantity, which has well-behaved derivatives:
Z | usaws
llus|3 + 6
Put Ds = A — As. Now Ds is not amenable to Herbst, but we make the observation that pointwise,

(Cauchy-Schwarz) 1

i Sllws
s s 2 < 5 > =B
Z' v (o s S 22 Tu B +3 5%

lus13

and the gradient of By is much friendlier.
Finally, note that from our definitions so far,

|A—EA| <|As —EAs|+ |Bs — E Bs| + 2E By.

So we will show each of these terms are concentrated in turn.

5.3.1 Concentrating Agi)

A Herbst argument. We begin with the relevant carré du champ, where the gradient is taken with
respect to the independent phase coordinates (6,)..

Proposition 11 (Carré du champ bound). For every i € [n],

k3 K3 /1400
() = [vaP; - o4y * < e S 3 4 g (12)
Proof. Define
‘<Usaw5>|2
Pus, wg) := ——5——,
(o 00) = B+ 0

so that
A(l Z D (ug, wy).

By the multivariate chain rule,
09, O(ug,ws) = 3?<VE<I)(us,ws), 8gmus> + %(VE@(us,ws),ﬁgmws>.

Here V€ and V¢ denote the usual complex gradients, equivalently 20; and 20y.
By direct calculation,
2 S S 2 S S 2
ng)(us7ws): <u 2w >ws_ ‘<U w >|2U57
l[us|l3 + 6 (lusli3 + )
2(us, ws>
Tua3+0"

Vcé(us7ws)

Consequently,
[lws |13

w50, wl, s L,

||VS¢(US7U)S)H2 < lwsl2- (13)

Write

Since
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and g = fq, we have

and

It follows that

(@) N
Op,us =1 MJ(V 692)(8(93)(1, (-1) 1)
and
0o, ws = q(x)0y, us.

Substituting these identities into the chain rule and factoring out the common scalar of modulus
w(x)/N gives

1 [u@)

=2V N ZXs@)WE@(usvws),(1,<—1>%)>‘

L1 /
2
For any scalar family (as)s and every b € {0 1}, Parseval on the slice {z : z; = b} gives

Z ZXs(x) o> Z ’as as+z <NZ|GS‘2 (15)

z:x;=bl s s:5,=0

’agz AD

2) (VS ®(us, ws), (1, (1)$i)>’. (14)

Applying (15) on the two slices z; = 0 and z; = 1, and using H (1,(=1)™) ’i = 2, we obtain

2
(@) (VED(ug,w,), (1, (=1)7))| < 4N [ VED(uy,w,)|: (16)
and likewise
2)(VEB(ug, wy), (1,(~1)%))| < AN Y| VED(ug, w,)]5. (17)
Squaring (14), summing over z, and using (16) and (17), we conclude that
(949 < Illoe SNVED s, w2+ tlal e S2IVE Rt 0,)
s s
Using (13), this becomes
|94 100 S 8 4 lafloe 3
Finally, Parseval and p-compatibility give
Z lwsll3 = Z (Ig(s)I* + lg(s + D))
= 2H9H2
= QZM T
= 2. ’
Absorbing this factor into the implicit constant proves (12). O
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Now 4 will be chosen like § = /N, so we need W := }__|w,[3 < + with high probability.
Fortunately, W is nothing but a Steinhaus chaos of fixed degree, and its concentration is given by
Lemma 2. We shall combine Proposition 11 and Lemma 2 using the following localized form of the
Herbst argument.

Fact 4 (Localized Herbst bound for Steinhaus variables). There exists a universal constant ¢ > 0
such that the following holds. Let F' be a centered smooth function of independent Steinhaus variables,
and let G be an event such that

|F| <1, [VF|2<b onG, and IVF||2 < B everywhere.
If
BPr(G°) < b,
then, for every

0<t < Cblog(BPf(GC)>’

one has )

t
Pr[|F| > t] < 2exp (_Cb>
Proof. For A\ > 0, write
M\ :=EeM (N :=log M(N).
The product Steinhaus log-Sobolev inequality [Wei80] and the standard Herbst calculation (see, e.g.,
[Led99]) give
/ AF
Y\ _ (E[TIVEIE]
A - EeMf
Since F is centered, Jensen’s inequality gives Ee* > 1. Since |F| < 1,
B[ 1]
EeM

< e* Pr(G°).

It follows that

(MAA)) < C(b+ BPIG)).

Integrating from 0 to A, and using
et —1 < )\e’\,

gives
PY(A) < CN*(b+ BPr(G)e?).

Therefore, whenever

b
0<% 5ri )

() < CbAZ.

we have

Chernoff’s bound, with A = ¢t/b for a sufficiently small universal constant ¢ > 0, now gives

2
Pr[F > t] < exp (Cb)

throughout the asserted range of t. Applying the same argument to —F proves the result. O
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Corollary 3. There exist universal constants ¢,C > 0 such that the following holds. Let q be
u-compatible, let n € (0,1], and set

n
0= —.
N
Suppose that
1/3
<77) > ClogN.
12l
Then, for every i € [n] and every 0 <t <1,
Pr {Agi) —Efor Agi)‘ > t} < 2exp (— ct? ) (18)
~ < 7 .
I~ Fe ' (lialloo/m)*"* + llalal? e
Proof. Put 4 4
F .= A((;l) — Ef"’Fu A((SZ)
Since )
0<AP <5 w3 =1,
S
we have
|F| < 1.
Let

W= Jlwsls.
S

Let K > 1 be a universal constant to be fixed below, and define

_ 8 K( o \
G’{W§N+N<wu> } 19)

Since EW < 8/N, the hypothesis of the corollary ensures, after increasing C' if necessary, that the
deviation in (19) lies in the range of Lemma 2. Consequently,

F~Fy raies

Pr [G¢] < exp (-NE (”) US). (20)

On G, Proposition 11 gives

> _ Nl
2

< + llelal? (oo
"

8+K<n)”3
N = N \[plle

o (Tl V2
glliloe g (Melloe )™ e
n n

ngﬂ

1/3
wa(Wk)<wmmw (21)

In the last line we used

e _

n
which follows from the hypothesis of the corollary.

1 Contents 39 Glossary )



We also need the everywhere bound. By Parseval, Y [Jw,[|3 = 2, and hence

2
W< (Z ||ws||§> !

Therefore, everywhere,

2
< AN]ploo
2

|74, = === + lilal o (22)

By (21) and (22), there is a universal constant Cy > 0 such that

IVF|2<b  onG

and
IVF|2< B everywhere,
where s
- il :
1= Co| (K +8) ) + [lulal*lloo |
AN|| ]| oo
5= o P gy .

Because ¢ is p-compatible,

lelgPlloe < p@)lq(x)? = 1.

Using also ||p|lec/n < 1, we obtain

2/3
%gc N(”“lw> +1| <CN.

Ui

Combining this with (20) gives

b " 1/3
7 > i _
1°g(BPrf~Fu<Gc>> = Cﬁ(np&nw) ClogN
< cx/[?( 7 >1/3

2 \lpll

after increasing the constant in the hypothesis of the corollary. In particular,

B Pr (G°) <b.
fNF;L

Moreover,

1/3

b> CoK <””°°) ,
n

and therefore

b
log| ——— ) > cK3/2,
cb Og(BPrfNFM(GC)> >c

We now fix the universal constant K large enough that the right-hand side is at least 1. Thus the
admissible range in Fact 4 contains every ¢ € (0, 1].
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Applying Fact 4, we obtain

Pr
f~Fu

t2
(|1F|> 1] < 2exp(—cb>.
Since K is now a fixed universal constant,
1/3
s (1) Pl

which proves (18). O

5.3.2 Concentrating Béi)
The same carré-du-champ estimate holds for the error dominator.

Corollary 4. For every i € [n],

ol ll4]] oo
VB 5 1522 3 g + o
Proof. Define
5”“)8”%
D(us,ws) := 55,
(or 08 = B 45
so that 1
Bgz) =3 Z@(us,ws).
By direct calculation,
20 ws||3
C sll2
Vi®(us,ws) = T e o2 Us
(llusll3 +0)
and 0
C
o sy Ws) = 779, Ws-
Vbl ) =
Hence

Jlws 13

/5
The phase derivatives of us; and ws are unchanged, so the Parseval argument from Proposition 11
applies without further change. O

HVS(I)(US,’IUS)HQ 5 ||vg@(u87w3)||2 5 ||’LU9||2

We therefore obtain the same concentration estimate as for Agi).

Corollary 5 (Concentration of the error dominator). There exist universal constants ¢,C > 0 such
that the following holds. Let q be p-compatible, let n € (0,1], and set

Ui
6= —.
N
Suppose that
1/3
<77) > ClogN.
[l4lloo

Then, for every i € [n] and every 0 <t <1,

> t} < 2exp (( 1/052 ) (23)

By — Bjur, By
‘ elloo /)™ 4 il Ml

Pr [
f"‘Fu
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Proof. Put ‘ ‘
F:= B —Ej.r, B{".

Since 1
0<BY <23 w3 =1,
we have
|F| <1.
Let

W= lwsls.

Choose the same sufficiently large universal constant K as in the proof of Corollary 3, and define

8 K/ n \¥*
¢ fwet m( )"
{ N N \lulls

As in that proof, Lemma 2 gives

Pr [GC]gexp<—cx/f?< d )1/3>.

f~F raies

On G, Corollary 4 gives

| lelloo )2 2
[ s oo (1) gy
Moreover, since
2
w < (Sh) =4
we have the global bound
i 2 4N [eS)
[vB0 < e 4 gy,
2 n

These are exactly the good-event gradient bound, global gradient bound, and exceptional-event
estimate used in the proof of Corollary 3. Together with |F| < 1, they verify the hypotheses of Fact 4
with the same choices of b, B, and K. Applying that fact proves (23). O
5.3.3 Combining the bounds

We now remove the smoothing and deduce concentration of A®).

Proposition 12 (Per-coordinate concentration for flat q). There exist universal constants ¢,C > 0
such that the following holds. Let t € (0,1], let ¢ be u-compatible, and suppose that

lilallloo < 1l

t8 1/3
(HMH) 2 Clog V.
o0

and

Then, for every i € [n],

P HA(n_E e A®
sy FrF

> 1] < dexp(—et® ] 2/2).
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Proof. Take p = 1/2 in Proposition 10, so that for § = n/N,
EfNFu Bél) S Cnl/s
for a universal constant C' > 0. Choose a sufficiently small universal constant ¢y > 0 and set

n
= cot® 0:=—
n Cot N’

so that .
(2)
After increasing the constant in the hypothesis of the proposition, we also have
1/3
<77) > Clog N,
[l4lloo

so Corollary 3 and Corollary 5 apply.
Recall that

40— EA9| < |40 B AP | + B’ - BB{| + 2EB{".
It follows that
) . ) . t . ) t
Pr [[A0 —EAD| > ¢ < Pr |[af) —EAP|> 2+ Pr |[BY -EBP|>
fNF/L f’“F;m 4 fNF}L 4
ct?
< 4exp <— 73 ) .
Upelloe/m)** + lalal?lloo
By the flatness hypothesis and the fact that n <1,
1/3
[[4]] oo / 2 < p—1/3 1/3 1/3
)7 llal oo < n™ 2 lllos” + lll
<2073
Therefore,
fPﬁ [ AW _EAD| > t] < 4exp(—ct2n1/3||u|\;1/3).
~Eu
Since 1 = cot®, this gives
Pr [A@ _EAD| > t] < 4exp<—ct14/3\|u||;01/3>.
~F,
Finally, because 0 < ¢t < 1,
{1473 > 46,
which proves the proposition. O

5.4 Finishing up

Proof of Theorem 5. Fix t > 0. It suffices to consider ¢ € (0, 1], since

0 < Avgs{fgl < 1.
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With probability 1 — exp(—Q(n)) over u ~ p, simultaneously for every p-compatible g,
1 . 1
- ZEfNFH AW < 5 o)

by Lemma 3, and

lualloo = N7,
Fix such a p and a p-compatible ¢ satisfying

lilal®lloo < llI3%.
For fixed ¢ > 0 and all sufficiently large n,

t8 1/3
(IIuII) > Clog V.

Thus Proposition 12 gives, for every i € [n],

fP}; [A(i) ~Ejor, AY > t} < 4exp<—ct6N1/3_°(1)).

Recalling that Avgf[ﬁ] =15 A we obtain

Pr {Avgf[ﬁl] > % it 0(1)}

f"‘F,u

= lrlz > (A9~ By, 40) > t]

S (RO
< 4nexp (—ct6N1/3_°(1))

< exp(_CtGNl/Bfo(l)) ,

where the last line follows, after decreasing c, for all sufficiently large n. This proves the theorem. [

Interlude: Proof of the uncertainty principle for phase states

As a warmup to the main theorem, we take a moment to prove the uncertainty principle in the
special case of random phase states. The contents of this section are not required for the proof of the
main theorem and the reader may freely skip it.

Theorem 7. For n large enough, for f a random phase function, for all g compatible with f,
Avg;[g] + Avglg] < 1.99905,
except with probability 2= over the choice of f.
We need to bound the covering number of the set of low-influence functions
Qun = {a:{0,1}" = C: ||qll72(uniry = 1. Inf[g] < kn}.

The following covering number bound is fairly standard but we include it for completeness.
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Proposition 13. The L*(unif) e-covering number of Qy . bounded as
N (e, Qn.x) < exp (2Hz<min{~/62,1/2})n Tog 9)

where Hs is the binary entropy.

~

Proof. Define f<q =} g <4.f(S)xs. Then

n 1 ~ 1 KN
If = Feald =D F$)? < 2 D2 ISIF(8)? = % <
SCln] SCn)
|S|>d

and choosing d = [rkn/e?| gives || f — f<all2 < e.
Thus Q,, ,; is e-covered by the unit ball of the subspace Span{xs : |S| < d}, whose dimension is
Da =1 () < 2M20mn < gtale/Hm,

where the inequalities hold provided d < n/2. A standard volumetric bound for the Euclidean ball in
CPa yields

C
N(e, Qn.x) < exp (Dd log z-:2>
for a universal constant C. Substituting for D, yields the quoted bound. O
We are now prepared to prove Theorem 7.

Proof of Theorem 7. Let k be an influence threshold to be chosen later and let g =: fq, which is
well-defined with probability 1. If Inf[g] > &, then Avg,[q] <1 — k.
Otherwise, Inf[g] < k and by Proposition 13
IOgN(E, QTL,K) < O(QHz(min{n/EQ’l/Z})n . IOg %>’

Let Nete(Qy, ) be a minimum-cardinality e-net for Q,, ,,. Then by Theorem 5, we have after putting
t = ¢ that

— 1 .
P}r Yq € Nets(Qny,{),Avgf[fq] > 3 + 2 + 0(1)} < exp<2H2(m1n{H/52)1/2})n -log 6% _ Cs62n/3)
Therefore for any ¢ € 9, ,, and the closest ¢* € Net. (9, ) to g,

Avg{fq) = (g, Ag) <

<

0" Aq") + 2| Allopllg — 4[| 2 (umity

—~

+4e + 0(1)

N | =

with high probability over f, provided

k1
Hy mind =, =
2(m1n{627 2}) <

Conditioned on this event, we therefore have

W =

s 3
Ang[g] + AVgJ?[g] < max{Z — R, 3 + 4e + 0(1)}

It remains to optimize x,e > 0 subject to the constraint of (24). One setting close to the optimum is
k =~ 0.00096 € =2 0.12476,
yielding the explicit upper bound of Avg[g] + Avgf[g] < 1.99905. O
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6 The A-B partition and comparing Dirichlet forms on A

We now return to the proof of Theorem 4. As outlined in the technical overview, the next step is to
split {0,1}™ into two sets, a large one A such that the e-net argument works on functions supported
on A, and a small one B where the e-net argument is false but we can still bound Avg for functions
supported here by other means. In particular, for a universal constant 7' > 1 to be chosen later, set

A:{x:u(m)e [ﬁvﬁ]} and B A°.

Define gy =q¢-14 and gg =q - 15.

The idea is that Inf,, should be comparable (up to T') with Inf,;r on A, so the covering number
facts that hold for low-influence functions on the uniform-measure hypercube should hold also for g 4.
Unfortunately, it is not always true that g4 is low influence, even though ¢ is promised to be. Recall
that in the win-win argument, we are only given Inf,(¢) < kn. The only immediate fact we can
conclude about g4 from the given bound is that

(inclusion)

Inf" Y (g4) ~p Inf2 W (g) = Inf™ W (q) < Inf,(g) < &,

unif

where for any function h,

Tnft () = 3 2p(x)p(y) ’h(w)—h(y)

g 1) + ply) 2
Yy~
Unfortunately, without using more about A, having bounded internal influence Inf;ft(A) is far from

enough to get a covering number bound. A simple counterexample is A that is an independent set
on the hypercube graph (no interior); a more general one is A any collection of very many small,
disjoint subgraphs A;, 7 =1,...,J. As long as ¢ is constant on each of the A;’s, InanIfi(fA)(qA) will
always be zero, even though such functions consitute a J-dimensional subspace.

But these examples merely show we must use more about A. The main purpose of this section
is to show that with high probability over u, the geometry of A is such that a bound Infilnrfi(fA)(qA)
indeed suffices to control the metric entropy of the ga’s.

Theorem 8 (Metric entropy of A-part of low-energy ¢). Let

Qn = {02 Byug = 0.l 2 = 1Inf M (g) < i}
Then with high probability over p ~ p, for all e € (0, 1],

Tk

10g Ne(Q, L (1) < N Wlog(Cle) - for  v:=C—5.

Here and throughout, N: (S, L?(11)) denotes the e-covering number of a set S with respect to the
metric induced by L?(u).
The main idea in the proof is to construct a linear extension operator Ext 4 so that (Extaga)a = qa

and ( |
. by the above
Inf (Extaga) Sr Infmt(A)(qA) < Kn .

unif —=

We may then apply standard dimension-counting argument for low-influence function to the Ext 4qa’s.

To begin, for any b € B write Ns(b) = {z € A: z ~ b}. Then define Ext4 via

h(z), T € A,
(Extah)(@) = 1 .
W], 2, M mebe s
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for any h: {0,1}" — C. Clearly, (Extsh)s = ha). Our analysis of Ext4 draws inspiration from the
literature on canonical paths and the “local escape property” of [HPS25]. We will use the canonical
paths employed in [HPS25]; let us recall these and then assemble some facts about them.

Definition 2 (Canonical i-paths, adapted from [HPS25]). Let (u,v) € {0,1}™. For i € [n] define the
it" canonical path, P;(u,v) to be as follows.

o Let D ={j:u; #vj}.

e Begin at u and flip coordinate i

o Scan rightward (cyclically) and flip each bit in D.
o Ifi ¢ D, flipi again at the end.

Fact 5 (Adapted from [HPS25, Prop. 11]). For any two vertices z,y € {0,1}", the paths P;(x,y)
are simple, pairwise internally disjoint, and of length |P;(z,y)| < d(z,y) + 2.

We need a version of the local escape property of [HPS25] for general A (not just the thresholds
[1in w)-
Proposition 14 (Local escape property, generalized from [HPS25, Lemma 17]). For any T > 12
there are o = o(T), B = B(T) > 0 such that for all n large enough, with probability at least 1 — 275",

e cach x € {0,1}" has at least an neighbors in A;
o for all z,y with d(x,y) < 3, at least an of the i-paths P;(x,y) have all internal vertices in A.

Proof. Let us use a normalized exponential model for p. That is, define Z,, = € {0,1}" to be iid
Exp(1) and let u(z) = Z,/(>_, Z,). Let

E={N/2<Y.Z, <2N}
and as usual, Pr[E] > 1 — exp(—§(N)). Let us define a “surrogate” A via
A={z:2/T < Z, <T/2}

and note that if E obtains, AcC A, because

Also note for any fixed =,

so for all T > 12,

1
4
pg>§

Proof of (i). Denote the number of A-neighbors of z by G, = |{j € [n] : © +¢; € A}|. By
independence, G, ~ Bin(n, p ;) and so for the appropriate choice of o,

Pr[G, < ain] < e 4"
for ¢; > log2. (This is possible because p ;7 > 1/2.) Union-bounding over z gives

Pr[3z: G, < ajn] <1 —-2"e 4" < 2hin
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for an appropriate choice of 81 and all n large enough.

Proof of (ii). Fix z,y € {0,1}™ with d(z,y) < 3. By Fact 5 the paths P;(x,y), ¢ € [n] are internally
disjoint and have length at most d(z,y) +2 < 5. So each path has at most 4 internal vertices, disjoint
from all the others. Let J;(z,y) indicate the event that all internal vertices of P;(z,y) lie in A. By
disjointness, the J;’s are independent and

1

> —.

PI‘[JZ'(.’L‘,y) = 1] 2 qu 9

Thus, with K(z,y) := >, Ji(z,y), we may choose an as so that
Pr[K(z,y) < agn] < e "

where again c; > log 2.
For the final union bound, note that the number of pairs z, y of distance at most 3 is upper-bounded
by

rgpa () s

Thus
Pr[3z,y : d(z,y) < 3, K(z,y) < agn] < 2nto(mg=can < g=fan

for an appropriate choice of 32 and n large enough.

On E we have A C A, so all paths counted by the K (z,y)’s are entirely within A. Combining
these union bounds with Pr[E] < e=?™) and taking a = min{a,as}, 8 = min{f;, B2} finishes the
proposition. O

With our extensions of [HPS25] established, we are almost prepared to study Ext4. We just need
a small combinatorial lemma about the number of canonical paths using a fixed edge:

Lemma 6. For any fized edge e in the hypercube graph and any distance £ > 1,
H{(u,v,4) : d(u,v) = £, e € Py(u,v)}| < 6(2n)".

Proof. Let D = {j : u; # v;}. For e to lie on the path between u and v, it must be along a coordinate
direction 4, € {i} U D. So the already the number of admissible pairs (i, D) for e is at most 3n’:

o If i ¢ D, either i, =i and there are (”Zl) < n’ consistent pairs (i, D), or i, € D, in which case

there are n(;f:f) < n? consistent pairs.

e If i € D, then there are (?:11)6 < n possibilities.

Now observe that the (i, D)’s can arise only from a very limited number of paths containing e; in
particular because i, € {i} U D and the walk never alters bits in F':= ({i} U D)¢, e fixes the bits in
F for both u and v. There are thus at most 2”1 starting vertices u compatible with (e,i, D), and
the information (e, 4, D, u) also fixes the ending vertex v. So the final count is 6(2n)*. O

Proposition 15 (Extension under local escape). Let A C {0,1}" and B := A° so that local escape
holds. Then )
Inf e (Extah) < Co Inf™ M (h)  Vh:A—C.

unif

Moreover, we may take Co < 1100/a® provided o < 1.
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Proof. For notational convenience define the unweighted Dirichlet energies

= " Ihe) b, Balh) = S |h() -

T~ Yy
Y T, yeA

It suffices to prove
E(Extah) < C,64(h),

since Inf i = (4N)"18.
Let us decompose the hypercube edges in the natural way, into the AA, AB, and BB edges.
Label their contributions to €(Extah) by Iaa,Iap, and Ipp respectively.

AA edges. The contribution is exactly €4(h):

IAA = %A(h)
AB edges. Consider some b € B. The total contribution of b to AB edges is
1
> [Extah(b) - h(a)]* = ACT > |h(a) = h(d)P,
aENA () AV a0y cNa®)
(one may recognize the identity for variance).

Now, every pair u,v € Na(b) has d(u,v) = 2. For any path P = (zg = u,x1,...,T¢—1,T¢ = v) in
the hypercube, we may of course write

l
= (Maj—1) — h(xy)),

Jj=1

SO

4
[h(u) = h(v)|* < éz |h(xj-1) = h(z;)]?.

Averaging over the > an good canonical paths P(fa, of length at most 5 between u and v yields

lg(u) — g(v )‘ < Z Z |h(estart) eend)|27

PGP o eEP

so in total the AB contribution to €(Extg) is

Inp = Z Z |Ext 4h(b) < a2n2 Z Z Z Z |h(estars) — P(eend)|?,

beB acNa (D) beB {a,a’}CNa(b) Pe’PA . €€F

where we have used |N4(b)| > an.
Note that any {a,a’} € A, d(a,a’) = 2, has at most two b € B such that {a,a’} C N4(b). Thus

Iap < Z Z Z |h(estart) eend)|2 .

a,a’ €A PEPAa ecP
d(a,a’)=2

1 Contents 49 Glossary )



Reordering the sum and overcounting (forgetting that the paths must be good) and then applying
the counting lemma, we have

IAB S 0[277,2 ZH a, a Z od /) = 2?6 € Pi(a7al>}| . |h(estart> - h(eend)|2
eCA
12012
= a2():2 mN;A |h(z) — h(y)[® (Lemma 6)
120
=2 8a(h).

BB edges. If b~V

[Extah() ~ Bxtah(¥) = | 30 Y () = Aw)

uENA( )UENA(b’)

S s Y Y Ik -hw)R

UEN 4 (b) vVEN 4 (V)

Now d(u,v) € {1, 3}.
For the d(u,v) = 1 pairs, we get a contribution of at most

a21n2 Z Z [h(u) = (v a2n2 Z Z (0)]* < aln%A(h)'

b~b'€B ueNa(b) uEN 4 (b) b~b'EB
vENA (D) vENA (D)
u~v uU~v

For the d(u,v) = 3 part, we follow the idea from the 45 edges: average over the > an canonical
good paths of length at most 5 connecting v and v:

h(w) AP < 2 33 [esare — heena)

PePA ecP

u,v

Note that any {a,a’} € A,d(a,a’) = 3, has at most four BB edges b ~ b’ € B with a € N4(b) and
a’ € Na(b'). Using this observation and applying Lemma 6, we get a total contribution to Ipp by
the d(u,b) part of at most

20 960

P 480 Y |h(x) — h(y)* = 7%14
r~y€eA
Combining the AA, AB, and BB contributions gives
960 120

We are finally able to give the metric entropy bound.

Proof of Theorem 8. Consider g4 for ¢ € Q.. By Proposition 15,

gumf(EXtAqA) < C glnt(A ( A)'

unif

Also, on every edge inside A,
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hence "
int int(A
£ (qa) S TEM D (q) < Tk.

unif
Therefore
5unif(EXtAqA) < CaT’i

Let (Ext 4q4)<q be the projection of Ext4g4 onto Fourier degree at most d. Since the normalized
cube Laplacian has eigenvalue |S|/n on Fourier level S,

n n
[Extaga — (EXtAQA)gdHQLz’(unif) < Egunif(EXtAQA) < CaTEKN
Restricting back to A and using p(z) < T/N on A,

n
llga = (Bxtaga)<a)allzzqu < TIExtaga — (Extaga)<alZzmin < CaT” 5.
Choose .
d=CoT?n =
3

Then every ga for ¢ € Q. is within e in L?(u) of the restriction to A of a degree-< d Fourier
polynomial.
The dimension of the degree-< d Fourier space is

n
p=Y ( ) < NH@m o),
j<a N

where H(-) is binary entropy. A standard volumetric bound gives an e-net of cardinality at most
(C/e)P, hence
log Nz (Qr, L () < dlog(C/e) < NHITWog(C/e),

with v = d/n = C,T?k/e? < 1100T%k/(e2a®). O

A corollary to this general metric entropy argument is a slightly more technical statement, that
guarantees a net comprising polynomials with a certain flatness guarantee that will be needed in the
sequel.

Corollary 6 (Compatible flat net for the centered A-supported class). Let

Qa = {a: supp(a) € A, Byig =0, llallzzn = 1, Inf"(g) < xn}.

Suppose that

H(y) < v:=C

1
g’ . 62 .
Then there exists a finite family
Q(E)
K,A
such that every g € Q, 4 has some v € QSL satisfying
lg —vllL2u < e

Every v € QSL is p-compatible and satisfies
max () o()|* < ||l

Moreover,

log| Q%)

< NH()+o(1) log (C) .
- €
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7 Concentration of ||]T/I\f||op for the small subspace B

Now that we have been able to analyze the contribution from the “good” A-part, we will focus on the
“bad” B-part. It will be convenient to work in the g-picture rather than the g-picture. Recall that
M R is defined via

(9, M7g) = Avg[g].
This section is devoted to a proof of the following concentration bounds.

Theorem 9. For any ¢ > 0, there is a T > 1 such that with probability 1 — exp(—Q:(n)) over
Haar-random f,

— 1
s Mpllpllop < 5 +¢ (25)
— — 1
and ”HAMJ?HBHOP = HHBMJ?Ha”op < 1 +e, (26)

where I1p is the coordinate projection onto B = B(T) = {x : ps(x) ¢ [1/TN,T/N]} and 114 is onto
A= B-.

The proof of Theorem 9 proceeds roughly as follows. Let us start with the bound for II BM\fAH B
and begin by fixing a p ~ . With high probability, u is well-behaved in a certain sense required by
comparisons below. Now, notice that because we only need the good event in Theorem 9 to occur
with probability 1 —exp(—Q(n)), it suffices to consider tracial moments of Iz M #llp only up to order
O(n), rather than N = 2" (here the tracial moments are integrated over f ~ F), for the fixed p).
Next, we observe that from the perspective of moments of this relatively low order, when p is “nice,”
the Fourier coefficients f(s) are close to i.i.d., and in particular they are well approximated by a
product of i.i.d. Gaussians which are independent of y entirely. In this i.i.d. Gaussian model we can
then uncondition on i, which leads to B varying as a random subset independent of the Gaussianized

f(s)’s. This means that in M 7 the projector IIg becomes a uniformly random coordinate projection

of a certain size. Thus, fixing our Gaussianized f/l} and allowing B to vary, II BM}H B is (after
centering) precisely a random paving, for which we appeal to the work of Tropp [Tro08]. Provided
certain technical conditions hold, [Tro08] states that sufficiently sparse random coordinate projections
of an entrywise small matrix have small operator norm.

The proof of the BB bound, Equation (25), is the subject of Section 7.2 and in particular
Proposition 17. The argument for the bound on HHAM}HBHOP, given in Section 7.3, is nearly

identical except that we pass to the square of II AM}HB, controlled by (a centered version of)

1I BM}QH - This object is then treated with the same argument as above.

Several technical steps are required to execute these proofs, but we can borrow much of the
machinery developed in Section 5.3, especially the regularization approach and corresponding
derivative bounds on terms in M 7

7.1 Technical preparations
7.1.1 Regularity of B
Proposition 16. Set
Br = Pr[Exp(1) ¢ [1/T,T]] =1 - e YT + e = E|B|/N.
Then, with probability at least 1 — 27 "),

B
B e+ o0,
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Moreover, the law of B is exchangeable under permutations of the cube. Consequently, conditional on
|B| = k, the set B is uniformly distributed among all k-subsets of {0,1}"™. In particular, for every
B8 >0, if T is chosen sufficiently large, then with probability at least 1 — 272

|B| < BN.

7.1.2 Random paving

We will need the following random paving estimate of Tropp [Tro08]. Let us call by a uniform

coordinate projection of density n the random diagonal matrix R where the diagonal is distributed

uniformly over 0-1 vectors with 1-density 1. For any matrix A, the projection RAR is a random

paving.

Theorem 10 (Moments of random pavings [Tro08, Prop. 4 & Thm. 5]). Fiz a > 0 and € € (0,1).

There exists Bmax = Pmax(€, @) > 0 such that the following holds for any sufficiently-large integer N.
If A is a deterministic N x N matriz satisfying

1
WHAHom

and R is a uniform coordinate projection of density at most Bmax, then for all even integers p with
2<p<2[log N,

max |Ag,| <
z,y

1
(ErIRARE,)™" < el|Allop.

7.2 Proof of Equation (25), the BB bound
Step 1: Regularize. Recall that

T Lo Jus,ius il
Mo — H(Xm L s,i/\Ws,i 'H®n,
s 3 2 Tusall

where |u, ;) = f(s) [s) + f(s + 1) |s +4). Similarly to what was done in Section 5, define for n > 0
the regularized operator

M(n) |us 7 us z H®n )
! an [us 13 +n/N
One may calculate that

N)I
.< M M(n) _< H®n . 77/ s,5+1%
0 ) Z I

EASVAARALIA SANY & D(ﬁ)
u32||2+77/N !

where I s1; denotes the all-zeros matrix except with I on the (s, s + %) submatrix.
Thus - — ) -
||HBMfHB||0p < ||HB]MJ?77 pllop + ”HBD]?77 15 |lop

and (25) follows if we show:

Proposition 17. For any € > 0, there ts a threshold T > 0 and smoothing parameter n > 0 such
that with B = B(T') defined as in Theorem 9, with probability 1 — exp(—Q(n)) over Haar-random f,

—~ 1
MM s o < 5+ (27)
and ||HBD§;7>HB||OP <e. (28)

(m)

To accomplish this, we will compare both M J(?") and D fn to Gaussian versions, decouple from B,

and apply random paving.
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Step 2: Gaussianize. With v = (v5)s, s € {0,1}", a family of i.i.d. standard complex Gaussians
with variance 1/N, define M,(y") and D.(f) in analogy to MJ(?U) and D%n). That is, define |gs,) =

Vs |8) + Yoyi|s + i) and

7 1 |gs 7,><gs i| 1 (n/N)Is Ss+1i
MM = gen . " _IAIst_ gen and DU = gen . YT I Iest L gan
7 QnZ 19s,il13 +n/N 7 2n,Z 19s,il3

Also define the scalars

n/N

2
7l —B ' _
7112 + 72|12 + /N

m, =E and d,
K 7112 + |72|> + /N !

1-2m,, (29)

which will eventually be used to center the Gaussianized operators. Then we have the following.

Proposition 18 (BB Gaussianization). Fiz 1> 0 and a measure p. Then there exists Cy, > 0 such
that for any even p > 8 satisfying

Bias(1)*/” <

N | =

the differences

1/p

‘(E tr [T (M — mnI)HB‘p)l/p — (Bt |11 (AL — m, 1)1 ")

and
‘(Etr ‘HB(D}") _ dn])HB‘p)l/p B (Etr |HB(D~(;7) _ an)HB|p)1/”

are at most

1/2
1 3 1/2 |B| : 3
%N@Pmum+(N+ﬁg@mw+w + Bias(1)®/7 |

Here B +y denotes the set {b+y:b € B}.

Proof. Throughout the proof, C,, denotes a constant depending only on 71, whose value may change
from line to line. .
Let us begin with the M ) estimate. We will proceed in two steps: first we do a Gaussian

replacement of the Steinhaus-random vector f via a Lindeberg-type argument. Then, we move to
Fourier space and consider the quantity of interest as a function of the random vector (f (5))5 With
this perspective, we argue that small tracial moments of the corresponding quantity behave the same
as if the Fourier coefficients (f (5))5 were actually i.i.d. Gaussians.

Steinhaus to physical Gaussians. Let & = ()., where &, z € {0, 1}" are independent complex
Gaussians with variances u(x) respectively. We compare M J(?") and Mg(n) by replacing the physical

coordinates one at a time.
Choose a physical coordinate z, fix a Z € C*", and let z = z(¢) be obtained from # by replacing
its z-th coordinate with \/pu(x) (. Define

W, (C) == IIp (J\AJ% - mnI> 1.

Note that 0 < M\% =<1, s0
[Wa(Ollop < 1.
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Since

D] = /42 (1,

Lemma 5 applied with regularization parameter /N, along with the chain rule, give for r = 1,2, 3,
o i (OXus,i( H

DT
[IDEWL(Q)]| < Zss,_o C||u51 H2+77/N

< (7))

_ nfr/2lu(x)r/2,

where [ug 4(C)) == 2()(s) |s) + 2(O)(s + 1) |s + ).
Let p be even. Differentiating tr [W,(¢)?] three times and applying Schatten Hélder to the three
possible types of product-rule terms gives

Dt (W (][] < Copa)*/2 [pNY P [ W ()11,
+ PN WL (O, (30)
+ PN IWLOI1E ).

where || - ||, denotes the pth Schatten norm.

We now perform the Lindeberg replacement at the level of the p-th moment roots. Enumerate the
physical coordinates as z1,...,zy, and let f(*) be the hybrid vector in which the first k& coordinates
use Steinhaus variables and the remaining coordinates use Gaussian variables; so for example f(©) = ¢
and fOV) = f.

Choose K, sufficiently large and set

k 1/2
A= Kyp®|lplly)s-

For 0 <k < N, put

p) 1/p

Ry = <NAp+Etr

g <M% - mnI) s

and let
R, := max Rj.
0<k<N
In particular,
R, > N'/PA. (31)

Fix one replacement coordinate x. The first derivative bound above gives

W (t0) = W (0)]ls, < CuNVPy/ () [¢]- (32)

Moreover, Minkowski’s inequality and the Gaussian moment bound (E |g[P)!/? < /D give

1/p
(NA? + B W oll5, )
< Re + NP\ fou(a) (33)

Cy
SR*<1+[(77P5/2)7
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where we also used +/p(x) < ||,uHé§§

The pointwise quantity
1/p
(N7 + Wl

is at least N'/PA. Combining this observation with (32) gives, for j = 1,2, 3,
. (p—3)/p DA/ [
IWa (Ol < (NAP + [Waollf, ) ex ( ! m)

Since
p\ /1 1
np

(33) and the exponential moments of a standard complex Gaussian imply

B[P sup W8] < Cure, j=1.23 (34)
0<t<1

for both a Steinhaus variable and a standard complex Gaussian.
Taylor expansion of |[W,(-)|” to second order at zero, together with the matching first two real
moments of the Steinhaus and complex Gaussian variables, now gives

P
— Etr

p
‘Etr

s <M}§") - mnI> s

< Cypalar)*? [PNl/pr_l + p?N2/PRP=2 4. p3N3/pr:_3} '

s <J\7@\ - m,,f) g

=)

(35)

Let k. be such that Ry, = R.. Telescoping from either endpoint to k. and summing (35) over
the physical coordinates gives, for j € {0, N},

2 3
. 1/ 3/2 P 32 , P 3/2
R.—R; <CyN'/? lp % ()32 + T % () + e % w(x) ] (36)

Using the definition of A, the fact that > u(z)%? < 1, and

1/3
1/2
I35 = (Zu<x>3/2> ,
x
we obtain
R, — R; < C,NY7p? ||}/,

Removing the temporary floor NAP and using the last estimate for both endpoints gives the desired
comparison to physical Gaussians:

‘ (Bt |01p (AL — my 1)1 ") v (B[00 (R = my 1) 115|") v

1/2
< GNP i35
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Physical Gaussians to independent Fourier Gaussians. Next we pass from Z/W\g(n) to J/\/l\p(,") by

Gaussian interpolation. Let X (7), 0 < 7 < 1 be a Gaussian vector interpolating between (E(s))s at

X (0) and the ('y(s))é at X (1). That is, with 'y the covariance of € and T'; = N7 the covariance
of ~, define X (7) to have covariance (1 — 7)['g 4+ 7';. Also define

Ast = (Fl - 1_\O)st-

The covariances of E are 1/N on the diagonal, while for s # ¢,

~ = Bias
(To)orl = [BES)E)] = Zu pyeoe| < BRSE)
Thus B;
Au=0  and Ayl < BB pans 2t (38)
Define

W :=W(r):=1Ilg (M)(g()ﬂ mnI)HB.
Since W (1) is self-adjoint and p is even,
tr [W ()P = tr [W(7)P].
The fundamental theorem of calculus and Gaussian covariance interpolation give
Bt |1 (M — my 1) 11p|" — Btr 11 (R — m, )11

/ — Etr [W(r)?P)dr
— / E  A,0.0itr [W(r)"] dr

0 s,t

_ / ‘B S Awdditr W (r)7)] dr.

0 s#£t
Here 0, and 9, denote the Wirtinger derivatives in the Fourier coordinates:

i) 5.0

85 = azs, 't = aift

We now pursue a uniform bound on the interpolation integrand. By the product rule and cyclicity
of trace,

0, 0,tr [W7) = ptr [(0.0W)WP 4 Y [(aSW)Wf(étW)Wﬂ . (39)
=:Ti(s,t) g_fé/ezzpo_g =:T(s,t,0)

We first control the covariance-weighted 77 terms. We then treat separately the interior T5 terms,
for which 1 < /¢ < p — 3, and the two endpoint terms ¢ = 0,p — 2.
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The T; terms. Recall that

W M H®" ikl ) geng,,
() = 2nz|\usz||2+n/N d 5

where |us ;) = X(7)s |8) + X (T)se; |5+ €i). Since Ay = 0, only mixed derivatives with respect to
distinct Fourier coordinates contribute, and for a fixed direction 4, such a mixed derivative is nonzero
only when the two coordinates are the endpoints of a common i-edge. Grouping the two directed
copies of each i-edge, we therefore have

3 1 a |us 7,><usz|
E Ar T =1I H®n - Ass e;UsUs+e; ’ -
— 0O B an@ ( s+ei0sOse, us il +n/N

7 s:8;=0

5 |usi><usi|
AS €; SaS e‘as . ’ H®7LH .
+ + iy +e; . 2+77/N B

By Lemma 5, each local mixed derivative in this display has operator norm at most C,,N. Using the
direct-sum structure, unitarity of H®", contractivity of Iz, and |A,| < Bias(u)/N, we obtain

9 1 3 |us,i><us,i|
Z ArtaratW < g Z gHnga:Xo |AS,S+67L asas+ei T 12 L /N
Tt %
) op
a3 Us,i\Us,i
+ ‘As+ei,s| 83—&-@&%#
l[s.il3 op
< C,Bias(u). (40)
Consequently, Schatten Holder gives
stTl S, t l(z Asta 8t )Wp—1‘|
_ o1
StasatW HW HSP/(P*U
Sp
< €NV Bias(u) [V % (41)

The T5 terms. Fix £ and ¢ = p — 2 — £. For this fixed choice,

S AuTo(s,t,0) =3 Aytr [(aSW)Wf(étW)Wf’}

s,t

=" Agtr [(@.M) ) HE W T HE™ (0, M () ) HE W T HO" |

=:Q =:Q’

Expand the Fourier-side operator into its 2 x 2 edge blocks:
1
M)((n()r) - % Z Z Z Cr,ab,i |’I“ =+ aei><7“ + b€1| .
i T a,be{0,1}

The derivative dqc, q,,; vanishes unless r = s or r = s + e;. Define

!
cs,a,b,i = 6scs,a,b,i + ascs+ei,a+1,b+1,i7

~ e a a
Creagand 1= 0Ctedj + OiCtae; ct1,d+1,js
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where the additions in a, b, ¢, d are modulo 2. With these definitions,
6]\4)(;7()@ Z Z 5ab1|5+ae ><5+bei‘7
i a,bef{0,1}

and

at Z Z ctcd]|t+cej><t+de]|

J ede{0,1}

By Lemma 5,

| ails [ ca,5] < CqVN. (42)

Substituting these expansions into the preceding covariance-weighted sum gives

ZAgtTQ S,t,é an T3 Z Z ZAStCs a szth,]

st %J a,b,c,de{0,1} s,t
tr(|s + ae;)s + be;| Q |t + ce; )t + de;| Q']

1
_ / ~
= gE e 2 2 Aadiapiicas

i, a,b,c,d s,t
(t+de;| Q' |s + ae;) (s + be;| Q [t + ce;) . (43)

Interior T, terms. Suppose that
1</<p-3.

Let S, denote translation in the Fourier coordinates:
Suls) = s +u).

Let
SA(A):=AcA

denote Schur multiplication by A. Writing x.(s) := (—1)*"®, we have the exact identity

=N Z( ) diag(x) A diag(xz)- (44)

Indeed, the (s,t) entry of the right-hand side is
N (N - u(x>> (-1 Ay = AwAs.

Since

we obtain

ISallsmsse < 5

Moreover, since a Schur multiplier is diagonal in the matrix-unit basis,

Bias(u) '

HSAHS2—>SQ = H;%:X |Ast| < N
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Interpolation between these two bounds, together with duality, gives
2., min{ 1-1
ISa(A)lls, < +Bias(u) ™13 =3} | 4], (45)

for every 1 < ¢ < 0.
For fixed i, j, a, b, ¢, d, the inner sum over s,t in (43) is exactly

tr diag(a,c,d,j)tsseleSaei'SA(diag(cg,a,b,i)sSl:KeiQSCEj) . (46)

Indeed, expanding the trace in (46) gives

D Aty abilheay (t+dej| Qs +aes) (s + bes| Qt + ce;) ,
s,t

which is the corresponding term in (43).
We apply Schatten Hélder with the conjugate exponents

% and f 2’
The shifts are unitary, and W = IIgWIlpg, so
|12 (€ c.0,), e, @' S, o, < CVNIQls, . = CrVNIWIE,. (47)
Similarly,
Idiag(ch0,0) S7e, @Ses s, 0 < CoVNIW s, ) < CoVNN>P|W]S,. (48)

The last inequality is the finite-dimensional Schatten embedding

IWes,

2 4
p/(£+2) S N /pHW”SP

Applying Schatten Hoélder to (46), and then using (45), (47), and (48), gives

tr [diag(@;ycyij)tszej QISaei . SA (diag(cg7a,b,i)SS;G,;QSCQJ')] |

min4{ ££2 2 —
< C,Bias(u)* ™™ U5 N,

Here the factor 1/N from the Schur-multiplier estimate cancels the two v N factors from the
differentiated edge coefficients. The prefactor 1/(4n?) in (43) cancels the n? choices of 7,5, up to an
absolute constant, while the choices of a, b, ¢, d contribute another absolute constant. Consequently,

42 ¢

S AuTs(s,1,0)| < GNP Bins(n)” L5 w2 (19)

s,t

Since A is symmetric,
tr [ASA(B)] = tr [Sa(A)B].

We may therefore apply the Schur-multiplier estimate to the factor containing @’ instead. Taking
the better of the two bounds gives

> AuTy(s,t,0)

s,t

< CyN*/PBias() W[5, %, (50)
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where

! /
= max{2min(€+2,£),2min<€ +2,£)}.
P p D D

As { ranges over 1,...,p — 3, each power Bias(u)%/p with k£ > 3 occurs at most four times among
the quantities Bias(u)?%. Therefore,

pz_:Bias(u)e" < 4§:Bias(,u)2k/p = M < 8Bias(p)%/. (51)
- 1 — Bias(u)?/? —

Endpoint T, terms. It remains to treat £ =0 and £ = p — 2. When ¢ =0,
Q= H®"IIgH®", and Q' = HO®"IIgWP 2Tz H®".

For arbitrary shifts u,v € {0,1}", one has

1 /|B
|Sa(S;HE I HE™S, ) Hop <y <|N + m;ux,u(B + y)) (52)
Indeed,
(SH®"IpH®"S,) = Z Yy (ko) (Y (s,
yGB
while

A=y 2 (37 w0,

Their Schur product is Walsh-diagonalizable, with eigenvalues

i1 Z( )1B<z+x>< 1) (o) (),

The absolute value of every such eigenvalue is at most

;I(l?Jru(BJrZ)),

which proves (52).
Schur multiplication commutes with multiplication by a diagonal matrix on the left, so

||$A (dia‘g (C;,a,b,i)sslfei QScej) || C \/7 (|| + max ,LL(B + y))
The other factor in (46) satisfies

| diag (@ c.0,) S, 'S 5 SOV NIWP2ls,.

The two /N factors again cancel the 1/N in (52). Moreover,
IWP=2|ls, < N2/P|[W |52,
Applying Schatten Holder in (46), and then summing over i, j, a, b, ¢, d, gives

> AuTy(s,t,0)

s,t

< C,N?/? ( |N| + max (B + y)) W% 2. (53)
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The endpoint £ = p — 2 is identical, with the two differentiated factors interchanged.
We now combine the T} terms, the interior T5 terms, and the endpoint T5 terms. Define

R(7) == (Etr|W(r)[")"/".
For j = 1,2, Holder’s inequality gives
E|W(r)|l5 < R(r)P.

Using (41), (51), and (53) in the Gaussian interpolation identity gives

‘;T Etr |[W(r)[P| < C,p|NYPBias(u)R(7)P~*

(54)

B
+ N?/P (|N| + max w(B+y) + Bias(,u)G/p> R(T)p2] :

We now convert this differential inequality for the p-th moment into one for its p-th root. At
every point where R(7) > 0, (54) gives

[RI(T)| <€y

NP Bias() + Nz/p(%l + max, (B +y) + Bias(u)ﬁ/”)]
ias(p .

R(r)

Consequently,

d |B| v
—(R(m)? + N?/? | =L 4 max u(B + y) + Bias(1)%/?
dr N v

B 1/2
< C,NP lBias(,u) + <N + maxu(B +y) + Bias(u)6/p) ] .
y

(At points where R(7) = 0, one may apply the same argument after replacing E tr |W(7)|P by
Etr |W(T)[P + 67, and then let ¢ | 0.) Integrating over 7 € [0, 1] gives the same bound for the
difference of the square-root expressions at 7 = 0 and 7 = 1. For every T,

0< <R(T)2 + N?/P [ff +maxp(B +y) + Bias(u)mp} ) " R(7)

B 1/2
< Nl/p(|N| + myaxu(B +y)+ Bias(u)6/p> .

It follows that

1/2
|R(1) — R(0)| < C,N'/? lBias(u) + <|ff| + myaxu(B +y) + Bias(u)G/p> 1 )

Since
Bias(p) < Bias(p)/?
and
B ) < (1B P Bias(u) v
T maxu(B +y) + Bias(u) < | tmaxup(B+y)) +Bias(u)™?,
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we conclude that

(eu N (Ba

B 1/2
<C,N/P l<N| + max u(B + y)) + Bias(u)3/p] .

P) 1/p

HB (]\/4}(77) — m,J)HB

HB (]/\4\,(77]) — mnI)HB

Combining (37) and (55) proves the asserted estimate for M.
Finally, consider D(. On each Fourier edge, its local block is

n/N uu*
Qnu) = —5——1I, = (1 —tr )Ig.
! [ull3 +n/N [ull3 +n/N

Its first three derivatives have the same scales as those of the regularized projector block:

N r/2
1D Q)] < (n)  r—123

Consequently, the root-level Lindeberg argument, the covariance-weighted T estimate, the interior
T, argument, and the endpoint 75 argument all apply identically to

M (D)~ d, 1 )T,
This proves the asserted estimate for D and completes the proof. O

Step 3: Random pavings. We now apply Theorem 10 to ]\//.TA(,") to complete the argument for the
BB case.

Proposition 19 (Gaussian random-paving bounds for the BB objects). For every e,n > 0, there
exists a density threshold Pmax > 0 such that the following holds for n large enough.

Let v = (Vs)seqo1y» be i.i.d. compler Gaussians with variance 1/N and let B C {0,1}" be an
exchangeable random subset, independent of v. Then for every even p <mn,

P} 1/p < N/,

I (J\Z(;') _ mnI)HB

E [hB\/NSﬁmax - tr

and
p1l/p
Mg (DY —dyI)1p| | < NYre.

E[I\Bl/NSBmax - tr

Proof. Write

I n 1 n
Mén) —m,I = H® (n ZPZ> H®™, P, = Z s i—Xs,i—1)] ® Pis @ 85410 XS[it1,n]]

s:5;=0

and Pi,s _ |g$»i><gs,i‘

= eilsil gy T,
Igsi) 13+0/N "

where |gs.i) = s [0) + Yari [1)-

Fix i € [n] and for convenience reorder the n tensor factors so that ¢ is last. Then P; is a direct
sum of 2 x 2 matrices with operator norm Os(1),

Py = Z |t XSnnil ® Pis

s:5;,=0
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50 | Pillop = ||HE" PiH®™||o, = Os(1) and indeed || MY — my I|lop = Os(1).
To see that H®" P, H®™ is entrywise small, note that, schematically

H®nPiH®n = Z (H®n71 |3[n]\i><3[n]\i| H®n71) & (HPLSH)

s:58,=0

= % Z (i 1 sign matrix) ® (HPi)SH).
s5:8;,=0
Each 2 x 2 matrix in the family {P; s} is independent, mean-zero, and bounded, so we see from this
display that each entry of H®"P; H®™ is an average of N/2-many Os(1)-bounded, centered random
variables.
By Bernstein’s inequality, this means there is a universal constant ¢’ = ¢/(§) such that for every

fixed pair z, v,

" " 1 N
Pr {|(H® PH®™) .| > nz} < exp(c’n4> .

Taking a union bound over all z,y € {0,1}" and all i € [n], the event

1
Ey = {maxmax|(H®”P¢H®n)zy| < nQ}

i€[n] x,y
holds with probability 1 — exp(—N/poly(n)). When E obtains, we get

1
max -
z,y n

(]\/Z(Y”) — mnI>

Yy

1
<= HE"PH®™),,| <
Sn2 max |( Jay| <

for all sufficiently large n.
The same argument applies to the centered dominator D,(,,‘S) —dyI. Indeed,

1 n
s
D) —dyI =~ Qi
i=1
where @; is the physical-side conjugate of the Fourier-side direct sum over i-edges of the centered

scalar block 5/N
— e —d, | I5.
(II |9s,i) I3 + /N ")

In each ; these blocks are i.i.d., mean-zero, and bounded. Hence, on an event Ep analogous to Ejy,
also holding with probability exp(—N/poly(n)),

)
| D a1

= (6) _
0,(1) and max (D’v an> »

op
for all sufficiently large n.

To finish the argument, we apply Theorem 10 to the deterministic matrices M\,(,") — myl and
DE,") —dy,I. The application is identical for each, so we explain the former. Let E = Ey N Ep and let
C,, < 0,(1) be such that HJ\/J\,E,") llop < C, pointwise. Let € be as in the statement of Proposition 19

and put ¢’ = ¢/ Cy. Then according to Theorem 10 there is a density threshold Bpnax = Bmax(g'/2,1)
such that for all even 2 < p < n,

\_ﬂmaxNJ
B (Lo <. s (0~ my D67 ] = S0 B[Usins - 05 (3T — m, 1)L,
b=0

+ B 15N < - [ (M = my 1)1 ] |

(€/2)P + Oy (1)? - exp(=N/poly(n))

<
<eP.
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for n large enough. We conclude that for all even 2 < p < n,

v 1/p
E [ 15)/N<pne - [T (M7 = m, 1)1 "]

—~ 1/
< NYP (11515 < [T (VS = DTG 7 ] < NYPe,

as desired. O

Step 4: Combine bounds. It remains to combine Proposition 18 and Proposition 19 to prove
the sufficient condition (Proposition 17) for the BB bound, Equation (25).

Proof of Proposition 17. Fix € > 0 and choose n > 0 sufficiently small so that

d, <

N | ™

Recall from (29) that m, < m, +d,/2 =1/2.
Let C,, be the constant from Proposition 18. Choose a constant ¢ = ¢(n, ) € (0, 1) sufficiently

small that - S log 9
og € og
20, exp( 9 > <3 exp( 1 )

Apply Proposition 19 with regularization parameter n and paving target

5e 5log2
Z expl| —
g P dc )’

and let Bmax > 0 be the resulting density threshold.
By Proposition 16, there are deterministic quantities 7 — 0 as T' — oo such that, with probability

1 = exp(=$(n)),

||M||§§§ < N~—V2Ho()) Bias(p) < N~1/2+(),

and

B
1Bl +max u(B +y) < rr.
N y

Choose T sufficiently large that
rT < ﬁmax

and

€ 5log?2
C'm/rTSSexp(— 1 )

Let E denote the event on which these profile bounds hold.
For each n, let p be the largest even integer satisfying p < cn. For all sufficiently large n, we have
8 < p < n. Moreover, on event F,

log2 — o(1 1
Bias(p)?/? < eXp<_0g0<>> <L
c 2
Also,

1/2 3/2 1/3 _
sy = (luliyrs) < N=1/o+o),

Thus, after increasing n if necessary,

1/2 £ 510g2
Carlulyfs < §oxn( - 252
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and

5log2
C’nBias(u)?’/ngexp( Zf >

The following argument applies identically to the centered regularized M-operator and to the
centered dominator. Write Wf and W, for either of the pairs
W;=Tlp (J\?}@ _ mnI)HB, W, = Ilg (]/\4\,(7") — mnI)HB,
or
Wi =g (DY — d,)Tlp, Wy =Tip(DY —d,1)Tp.
Conditional on p € E, Proposition 18 gives

1/p 1
(Bt W) ™ < (B tr W5 7)

3e 5log 2
2= NP _ )
* 8 exp< 4c >

Taking the Ly-norm over u on F and applying Minkowski’s inequality,
1/p 1/p
(Bu Lo Bo tr W) < (Bu1p By tr [W5)7)

3e 5log 2
= NP _te)
+ 8 eXp( 4c )

Since F implies |B|/N < fmax, Proposition 19 gives

€
(E 1pEytr |Wv|p)1/p = 8

Nl/P Cxp(_5lzg2)
C

Consequently,

r ¢ 5log 2
(B 1p B tr W) < N P exp (_46).

Markov’s inequality therefore gives

€ 2\*
PI‘[E A\ ||W)?||op > 5} < (€> E“ 1z E, tr|Wf\p

< Nexp (5log 2p>
4c
log 2
= exp (—Oi;n + OC(1)> .

Since Pr[E°] < exp(—(n)), applying the estimate to both centered objects and taking a union
bound shows that, with probability 1 — exp(—(n)),

HHB (Ki&’?) - mnI)HB < and HHB (D(l7) _ an)HB < £
f op 2 f op 2
Therefore,
HHBM\Q])HB §mn+§
f op 2
<1y
—+¢
<35 )
and
HHBD(I’)HB <d,+ =
f op 2
<e
This proves the proposition. O
1 Contents 66

Glossary ¥



7.3 Proof of Equation (26), the AB, BA bounds

The proof of Equation (26) goes much the same way as the BB bound, except we analyze the
Hermitian square. We describe it only briefly. For notational convenience define

(m ._ yrm) _
Rf = MfA my, 1.
Since AN B =g,
I AM](?”)HB = 4R 5.
Consequently,

— 2
fn.izn,

— | R TR T,
op ;oA

2
< HHB (RI’ ) g
op ! op

Define also .
ROV = M) — m,, I

Lemma 7 (Gaussian square mean). There is a scalar by, such that

E, (R@)Q = byl

Moreowver,
lim lim b, , =b,
nd0 n—oo
where
- ™ 13 _ 1
3 4 16

Proof. Write

1 n

_ ®n (m) ®n

R = H <nZPi )H ,
i=1

s:8,=0

where

and
) . _19siNgsil
B lge i+ /N

The law of ~ is invariant under translations of the cube and under independent phase rotations
of its coordinates. It follows that, for some scalars a, and b,,

— my I, |gs,i> =5 [0) + Vstes 1)

2
E(P") = a,l
and, whenever i # 7,
EP" P =b,1I.

Moreover, |P{™ ||op < 1,50 0 < a, < 1.
To identify by, fix distinct ¢, 7 and a vertex s. The i-edge and j-edge through s meet only at s,

and hence the s-th diagonal entry of Pi(n)PJ(”) is the product of the corresponding diagonal entries.
Thus, if X,Y, Z are independent Exp(1) random variables,

=Bl X
nTEN\X Y T )\X vz ™))
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where

=E—~+—.
X+Y+n
Consequently,

2
2 1 ~1
B, (R))) = H*"E (n ZP}’”) HEm = <‘;’7 + = b,7>1.

We may therefore take

a; mn-—1
oy = —+
n n

b,.

Since a, is bounded,

nh_}m bp,y = by.

Also, by dominated convergence,

mn—>§

b"—>EKXfY_;><XfZ_;ﬂ :E(X+Y))((2X+Z) _i'

The normalized vector

and

(X,Y,2)
X+Y+Z7
is uniform on the two-dimensional simplex. Therefore,

1—x
dyd
(X+Y)X+Z // (z +y)( 1—)yx

_4/ T Ingdgc

k=0
2
= - 3.
3
It follows that 2 2 13 1
T 1 T
e e TR TN -

We claim that, for every fixed ¢ > 0, after choosing T sufficiently large, with probability

1~ exp(—Q(n)),
HHB ((R}”))Q - bn,,,l) I

The proof is the same root-level Gaussian-transfer and paving argument used in the BB case. Indeed,
since |[R™||,, < 1, the product rule and Lemma 5 give the same physical-coordinate derivative

<e. (57)

op

bounds for (R("))Q. Its first and second raw Fourier-coordinate derivatives likewise have the same
cn\/ﬁ and C,N scales as before. After expanding the product rule, the covariance-interpolation
terms have the same 717, interior-T5, and endpoint-T5 forms as in the BB proof; the additional factors
of R are contractions and are absorbed into the adjacent Schatten factors. The centered Gaussian
square is uniformly bounded and satisfies the same entrywise estimate required by Theorem 10. Thus
the proofs of Proposition 18 and Proposition 19 apply without further change and yield (57).
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Combining (56) and (57), we obtain

< \Vbpy, +e.

[radz
op

Choosing 7 sufficiently small, then n sufficiently large, and taking the tolerance in (57) sufficiently
small gives

o,

1
S,
op 4

It remains only to remove the regularization. Put

+5
5

Oy Sy ()
B = My - M.

Since (m) (m) (m)
< B < p\1 <
O_Ef _Df and Ef =<1,
we have
2
HHAE(I’)HB - HHBE@HAE&")HB
7 op f 7 op

< HHB(EJ(?")YHB

op
< =D m.

op

Applying Proposition 17 with a sufficiently small error parameter therefore gives

s,

e
S,
op 2

with probability 1 — exp(—(n)). Hence

— 1
|madfms| <+

op

which proves Equation (26).

8 Finishing the proof

Proof of Theorem /. Fix ¢ < 1/20 and choose T > 0 large enough to satisfy the conditions in
Theorem 9; i.e., so that the errors in the AB- and BB-bounds are at most . Then choose k > 0

small enough that
[CT5 1 1
2 573’% < § and K< Z - 55,

where C' is the constant in Theorem 8.
If Avg;[g] <1 — K, we are done, so assume Avg;[g] > 1 — &, i.e.,

Inf,[q] < kn.

It will be convenient to work with a shifted ¢ (equiv. g) so that its A-part is centered with respect
to p. To that end, let A = B¢, and define

o <1’ q1A>M
<1’ 1A># .
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Then define the shifted versions of g and ¢ by:

g-i=g—af, gi=gla, gp:=g"1p
and ¢ti=g¢-al, gi=q¢"la, q5:=q"1p

Note that since g = fq, (1,¢), =0, and ||q||z2¢,) = 1, we have

(fgr) =g )=—a and  |lg"l5 = llg" 72 =1+ lof*.

Moreover, the definition of « gives
(f,9%) = Euqi =0.

Since f is a +1 eigenvector of M P

Decomposing g+, we get
1L 7751 L 751 1L 751 1 7751
(97, Mzg™) = (ga, Mpgx) + 2R{gx, M7g5) + (95, M79B)- (58)
We bound these three terms separately. Note that our choice of a ensures that g¢f is centered
with respect to pu, as required for the AA-part argument, while one appreciates that the AB- and

BB-operator bounds of Theorem 9 require no centeredness.
Indeed, by Theorem 9 and our choice of T', with probability 1 — exp(—(n)) we have

— 1 — 1
o, T0708) < (G +e)loklallogle (o5 r0h) < (5 +) o

AA-part. For the AA part, (g7, J\/f\fgj>, we pass to the ¢ picture. Put
M := Diag(1/f) M; Diag(f).
This is well-defined with probability one. The map u + fu is an isometry from L?(u) to 3, and
(u,Mv)u = (fuJ\/fov).
Consequently, M is self-adjoint and contractive on L?(y), and
(9%, Mpgx) = (a5, Mgk
On the internal edges of A, the functions ¢ and ¢ — a1 agree. Therefore

Inf,Wg;] = Inf V(g — 1]
<Inf,[q — al]
= Inf,,[q]

< Kn.
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We claim that, with high probability,
—~ — 1
(0 M%) = Gk M < (3224 o) ) kg + = (59)

This follows by considering two cases.

Case I: Small norm. If ||qj||2L2(”) < ¢, then contractivity of M gives
<q1J4_7 qu>ll < qul_”%?(u) <e

so (59) holds.
Case II: Large norm. Suppose instead that qu”%z(#) > ¢. Then

1
~1 qda
qa = 717
Hﬁ”w(u)
satisfies . p
E,q5 =0, l@% 2 =1, and  Inf*™[g] < -n.

€
On the high-probability event over g on which Corollary 6 and Theorem 5 both hold, let

(s/4)
Q,:/E,A

be the compatible flat net supplied by Corollary 6. Every v € Q,(f/;l‘ is p-compatible and satisfies

max () o()|* < ||l

Moreover, by the definition of M , (v, M V), = Avg f[ﬁ)] We may therefore apply Theorem 5 to every
point of the net. Taking the deviation parameter there to be /2 and applying a union bound gives

(=/4) v 1_¢
ffll; {Hv € Q, /. such that (v, M), > 3 + 3 + 0(1)}

< exp (NH(CT5”/€3)+°(1) log <C> - 056N1/30(1)> .
€

Here and below, the universal constants absorb the fixed factors arising from using /e as the energy
threshold and €/4 as the net radius. By our choice of &,

CTk 1
H —.

Consequently, the preceding probability is

e)q)<_]\71/370(1))7

and in particular is at most exp(—(n)).
Condition on the complementary event. Since

qvj S Qr@/a,A»

we may choose

ve Q)
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such that .
~1
lax - UHLz(#) = 1

Since G4 and v both have unit L?(;) norm and ||M||OP)L2(#) <1,

(a5 Max) < <v,Mv>u+‘<dj—v,Mdi—>l + (v M (a5 —v))
1 e 1
< §+§+0(1)+2||QA71)HL2(N)
1
< §+€+0(1).

Multiplying by
| CIX | i2 ()

gives

~ 1
(a5 ) < (5 + o))l I,
which is stronger than (59).

Combining the bounds. Intersecting the good events for the AA, AB, and BB bounds and
substituting into (58), we obtain, with probability 1 — exp(—Q(n)),

1 1 1l
L 375 L 1 1 3 +2e+0(1) 3+e)/(llgxl-
M+ < 2 +
(97, 79 ) < (||9A||2 ||QB||2)( i c % e ) \Ulgkll2 €

3
< (§ 300 (a8 + I318) +2
3 2
= 14—35—1—0(1) (1+]af?) +e.
Here the maximum eigenvalue of the displayed 2 x 2 matrix is at most its largest row sum, namely
3 4 3e+o(1).
Returning to the earlier identity,
<

<

for all sufficiently large n. By our choice of k, this means Avg f[ﬁ] <1-k.
We have therefore shown that, with probability 1 — exp(—(n)) over f, for every admissible g,

min{Avgf[g],Ang[fq\]} <1-k.

This proves Theorem 4. O
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A Notational glossary

F, The set of f:{0,1}" — C such that py = p, where ps(z) = |f(z)>
n Dimensionless smoothing parameter used in the regularization.

1) Dimensional smoothing parameter, related to n by 6 = n/N.

Ié] Density of the bad set B C {0,1}".

Bmax Density threshold at which Tropp’s random-paving result applies.
Bias(u) Largest magnitude among ji(s), s # 0™.

D Fréchet derivative.

My Centering constant used in the Gaussianization of M 7

dy Centering constant used in the Gaussianization of D 7

B Large covering number but small Inf,,

Proposition 20. For every k > 0, with probability at least 1 — exp(—Q,i(Q”)), there exists a subspace
V' of functions on {0,1}" of dimension Q,(2") such that every q € V, ||q||12(u) = 1, satisfies

Inf,[f] < kn.

The idea is to construct a subspace of functions with basis ¢, := 1¢,3/+/p(z) for  with u(x)
large yet p(y) small for all neighbors y ~ 2. Because the smaller weight on an edge governs the
conductance (edge weight), Inf,,(g,) will stay small for these x.

Proof. Tt will be convenient to work with the Exponential model for the Porter-Thomas distribution.

Write
Z.

p(x) = —Z“CZ

where the Z,, x € {0,1}"™ are independent Exp(1) random variables.
Let E,0 C {0,1}" be all even and odd strings respectively. For x € F, set

R, =Y 7,

y~x
Since every y € O has exactly n neighbors in E,

>repBa = nZyEOZy'

By a Chernoff bound,

N
Pr Z Zy > 37 < exp(—cN).
y€O

On the complementary event, the number of vertices € F for which R, > 2n is at most
1 1 3N
5D Ba=5D Zy <
el yeO
Since |E| = N/2, there are therefore at least N/8 vertices z € F satisfying

R, < 2n.
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Condition on the variables (Z,),co. For the vertices satisfying R, < 2n, the events

Ly 2

2
p,@:Pr<Z2> >0
K

for a fresh Z ~ Exp(1). Another Chernoff bound shows that, except with probability exp(—Q,(V)),
at least p,IN/16 vertices satisfy both

2
K

are independent. Define

R, <2n and Zy

vV
\

(60)

Let S C F be the set of such vertices. For every x € S,

M(y) 2@ ‘Rw
= : < - <kn
; () + p(y) yZN; Zo+ 2y = Zy
Now let
V = {q :supp(q) C S}.
Then

. Pk
d = > —=N
imV =|5] > 16

Moreover, since S is contained in one parity class, it is an independent set. Hence, for every ¢ € V,
conditioned on the event in (60), we get

Inf,,[ Zu z)|? Z </m2u </€7’l||f||L2 ) = K.

€S er zeS

as desired. ]

C Relating Avg; to Inf,

Here we provide a proof of the identity

1
Avg,lgl =1~ gInfo [?} .

We first use the following elementary identity. For any a,b > 0 and u,v € C,

L [ e M
Indeed,

lau 4 bv|* = a?|u|?® + b*|v|* + 2abRe(u),
and

(a+b)(alul* 4+ blv[*) — ablu — v|* = (a® + ab)|ul* + (ab+ b*)[v|* — ab(|ul* + |v]* — 2 Re(uD))
= a*ul* + b?|v]?® + 2abRe(uv)

= |au + bv|*.
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Dividing by a + b gives the claimed identity.
Let ¢ = g/f (here we are assuming f is nonzero everywhere, which happens with probability 1
for a Haar-random f). We now apply the above identity with

a:|f(x)|2’ b:‘f(.%'+i)|2, UZQ(x)7 U:q($+i)'

This gives
“f )+|f($—|—l)|2 (J,‘+’L)| = [ F(2)1?]a(x)|? x4+ D Pla(x - )2
|f<:c>|2+|f(x+z)\2 = [f(@)la(@)® + | f(z +)[*|a(z + 7))
BTG TSR
Therefore,

’ —I—f(:r:-i—z) (x+1)
Aveylg ZZ PEESCEDIE

llf x)+\f(x+z)l2 (@ +9)|°
ZZ F@)Z+ [f(x + )P

‘ 2

*Z (|f )Pla(@)? + £ (@ + i) Pl + )

_i |f (@)21f (= +9)[?
Z| f@)?+ 1z +1)

Now, notice that

o S (17 @Pla@)P + 1+ )Plae + )F) = 5 Z 1@ Plate

= Z |f(@)]]q(x
= Z lg(z
Substituting this into the previous expression, we get
|| f(z +\f(96+2)|2 (z +1)
ZZ z)|* + | f(z +1)]?
1 \f( P+
=1 2 P+ I 1) 1

1 g
=1——Inf,,|=
nnﬂf|:f:|7

[\

as desired.
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