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Abstract

We study the Sachdev-Ye-Kitaev (SYK) Hamiltonian Hsyk on n Majorana modes with k-body
interactions, and prove that E || Hsyk|lop = (1 — o(1)) - v/2n/k for super-constant k < o(y/n),
where the expectation is over the disorder variables in the Hamiltonian. This confirms the
predictions due to [GGJV18] and answers a question posed in [FTW19]. Our results extend to
the sparse SYK Hamiltonian. As a corollary, we obtain that the dissipative quantum algorithm
of [BCD24] provably computes the ground state energy of the SYK Hamiltonian up to an
O(1)-multiplicative factor for all k < v/n/4.

Our key technical idea is identifying an explicit, deterministic linear operator x such that a
fixed quadratic form of x?¢ exactly equals the expected trace moments of the SYK Hamiltonian
for every n and k. This linear operator can be naturally viewed as a twisted model of bosons on
the space of hyperedges of a hypergraph. The problem thus reduces to identifying the spectral
edge of x, which we show is dominated by the spectrum of a natural (})-dimensional matrix
from the Johnson scheme and is straightforward to compute using known results.

To show that our bound is sharp, we construct a witness state with a large quadratic form on
x and transform it into a certificate of a lower bound on the largest quadratic form on Hgyk.

1 Introduction

We study the spectral edge of the Sachdev-Ye-Kitaev (SYK) Hamiltonian [SY93, Kit15, MS16, Sac24]
in this paper. Let n > k > 2 be even integers, and let {~; }1<i<n be Majorana fermion operators,
satisfying the anti-commutation relations {;, v, } = 2d;;-1d. Then consider the SYK Hamiltonian
given as

o\ —L/2
Hgyx = (k) : gsTs, 1)
se()
where ' := i*F=1/2y, ..., S = {i; < --- < i} C [n] is a subset of [n] of size k, (7)) :=
{S C [n] : |S| = k} is the collection of all k-sets in [n], and g := {gs}SE([n]) is a collection of i.i.d
k

N(0,1) Gaussians, also referred to as the disorder variables. The normalization (7) -t
to ensure that Eg[HZ2, ] = Id.!

2,
is chosen

! This is in contrast to the standard physics convention, as the energy is not extensive.
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The SYK model [SY93, Kit15] has been extensively studied in high-energy [Kit15, MS16, PR16,
Ros19] and condensed-matter [SY93, CGPS22] physics, with related models studied as far back
as [FW70, BE71]. The model exhibits “maximally chaotic” behavior [Kit15, MSS516, MS16], yet
remains analytically tractable in certain regimes [BINT19, BM25]. The structure and complexity
of (near) ground states of the SYK Hamiltonian arise naturally when studying the model as
a candidate for establishing quantum speedup in simulation. This is because while there are
efficient quantum algorithms [HO22, BCD24], there are indications that there may not be any
efficient classical algorithms to compute useful descriptions of ground states of the model. The
evidence for this latter claim is based on results showing that easy-to-compute candidates such
as Gaussian states [HTS21, DKKA26] have energies significantly separated from the energy of
states output by the above quantum algorithms.

The Ground State Energy of the SYK Model: Identifying the ground state energy (and
relatedly, the spectral edge) of the SYK model itself has been an outstanding open question.
Standard matrix concentration inequalities ? imply that Eg || Hsyk ||op < O(v/n) [FTW19, HO22].
On the other hand, in [ACKK25], the authors prove a lower bound of E4 || Hsyk ||op = Q(v/1/k).
Interestingly, a beautiful recent work gives an efficient quantum algorithm to compute a state
with an energy matching the above lower bound up to a constant factor [BCD24].°

The natural upper bound and the lower bounds above have a multiplicative gap of Q(k)
between them. Researchers have proposed both numerical computations and heuristic arguments
to argue that E4 || Hsyx ||op should in fact be < /n/k [GGJV18, HO22] matching the lower bound
above. A sequence of works by Feng, Tian, and Wei [FTW19, FTW20, FTW21] made progress
towards this question by understanding the shape (as opposed to the spectral edge) of the spectrum
of the SYK model. In particular, they prove that for k£ < o(1/n), the SYK model has a Gaussian
spectrum [FTW19]. Furthermore, for super-constant k < o(v/n) [GGJV18], [HO22, Section 2.9]
present fine-grained heuristic calculations that suggest that Eg || Hsyk|lop ~ (1 — 0, (1)) - v2n/k.

We note that beyond the specific quantum motivations discussed above, the problem of
identifying the spectral edge of the SYK Hamiltonian can be viewed as a natural quantum
analogue of determining the optimum of a classical random CSP or the injective norm of a
random tensor. This is a topic with significant recent developments and applications [Fei02,
WEAM?25, GKM22, HKM23] and served as an inspiration for some of the technical ideas in this
work.

Our Work: In this work, we rigorously confirm the above predictions and identify the spectral
edge of the SYK model. Our bounds are sharp down to the right constant for large k.

Theorem 1.1 (Spectral Edge of SYK (See Theorems 5.2 and 5.3 for full version)). Letn > k > 2 be
even integers such that k?/n < 1/16. Consider the SYK Hamiltonian Hsyx as in (1). Then we have

V2 V2
- T+

k4
2 (1 o max {2 S ) < B viclan < (1),

k

In particular, if w, (1) < k < o(y/n), then Eg Amax(Hsvk), Eg | Hsyk |lop = (1 — 0,(1)) - V2n/k.

2 Gaussian Lipschitz concentration immediately implies a sharp concentration of || Hsyk|| around its mean. See
Theorem 1.5.

® For k = 4 [HO22] gives a simpler quantum algorithm to synthesize a state p := p(Haisvk) that satisfies
Eg Tr(p(Hasyk)Hasvyk) = Q(y/n).




Remark 1.2. (1) Our results, by natural modifications to our arguments, actually imply the
same bounds as above on the ground state energy Ayax(Hsyk). Observe that the upper
bound follows immediately since Apax(H) < || H|op. Our lower bound argument with minor
modifications actually yields that a quadratic form of Hgyk is large and thus applies to
)\max(HSYK) and not just HHSYK||op-4

(2) While our result gives an estimate that is sharp as k& grows, we note that for small constant
values of k, the multiplicative factor of (v/2/k) for \/n is not tight. For k = 2, the SYK
Hamiltonian is exactly solvable, and in particular [MS16, FTW19] showed that || H2-syk||op =
(% + o(1))y/n ~ 0.6,/n almost surely, while v/2n/2 & 0.707+/n.

(3) For k > 4, [FTW19] show that Eg Amax(Hsyk) < /In(2) -n ~ 0.832y/n. On the other
hand, for k > 4 Theorem 1.1 implies that Eg Amax(Hsvk) < Eg [[Hsvk ||lop < @ +0(1) <
0.3544/n + O(1), and thus our result outperforms that of [FTW19] for all k£ > 4.

(4) For k = 4, [HO22] give an algorithmic® proof that Apax (Hasvk) < V1 +6-/n~ 1.857\/n
with probability > 1—o0,,(1). Very recently, [He26] established the exact spectral edge for k =
4, showing that almost surely lim,,_, «c Amax(Ha-svk)/v/n = ksp =~ 0.325 < V2/4 ~ 0.354.
On the other hand Theorem 1.1 yields Eg || Hs-svk |lop < 0.354y/n + O(1) for all n > 2. Our
techniques work for all 2 < k < \/n/4 though, and are very different from the techniques
in [He26]. Furthermore, when w,, (1) < k < o(y/n) Theorem 1.1 obtains the correct prefactor,
and our results are also applicable to the sparsified SYK Hamiltonian, which we will describe
shortly.

Spectral Edge of Sparse SYK Models: We show that our results extend to sparse variants
of the SYK model. Formally, let # ~ () be a random hypergraph with m = |H| < (})
hyperedges. The sparse SYK Hamiltonian we consider is defined by:

Hfy = . Z gsl's.
Vil &,

Understanding such sparse variants has been of interest recently [XSSS20, JZL*22, HSHT23,
DKKAZ26] as they may be easier to implement in practice. In this context, we care about whether
relevant properties of the dense SYK model transfer to this “sparsification.” We show that the
spectral edge identified in our main result above naturally extends to the sparse variants after
appropriate normalization.

In the following (and throughout this paper), for any m > 2, a random k-uniform hypergraph

H with m hyperedges is obtained by taking m independent and uniform samples from S € ( k]).
6

Theorem 1.3 (Operator Norm of the Sparse Random SYK Hamiltonian (See Theorems 5.5 and 5.6
for full version)). Let n > k > 2 be even integers, and suppose k?/n < 1/16. Let H be a random

*In particular, Lemmas 4.16 to 4.18 hold directly upon replacing the operator norm || Hsyk [|lop by Amax (Hsvk)-

” More precisely, they show the following result: Let r(%) 5 g — So0Sz(g) € R be the degree-8 Sum-of-Squares
relaxation to estimate || Ha-syx||op. S0Ss(-) can be computed in deterministic poly( ) time given g, and furthermore,
S0Ss(g) > ||Ha-svk|op pointwise for all g € r(%). Finally, Eg SoSs(g) < V1 + V6 v/n.

® If we write the sampled set of hyperedges H = (S1, S, . . ., Sm) w1th S ~ Unif ([Z]) ii.d., then the Gaussian disorder
variables corresponding to S; and S; for j # i are independent even though S; and S; might correspond to the same
hyperedge.



k-uniform hypergraph with m > 2%nlogn edges, where C > 0 is some sufficiently large absolute

constant. Let
H

1
Hiyg = —F— gsl's
VIHI §

be the SYK Hamiltonian corresponding to H. Then with probability > 1 — o,,(1) over the randomness of
H we have

V2n Ly K Van koo -
— (1 — O(1) - max {k 14, n2}> <E | Hfllop < = (1 +0(1) - max{ﬁ,e 9<k>}) :
In particular if w(log(n)) < k < o(y/n) then E | H¥ [lop = (1 — 0,(1)) - V2n/k.

Remark 1.4. Note that bounds of the above kind are not true for arbitrary k-uniform hypergraphs:
Indeed, consider H := {[r] usS:Se ([’;]E[:])} C (1), where we assume w(log(n)) < k < o(/n),
and choose r := k — [3k/log,(n)] to obtain |H| > 2%*)nlog(n). But at the same time we can
also show that E, || HZ « |lop = Q((v/n/k) - log(n)). Note that this happens simply because the
“effective arity” of H is only k — r, which is how the spectral norm scales too.

In fact, examining our proof more closely yields the following deterministic condition that a
k-uniform hypergraph H needs to satisfy so that we obtain tight bounds on Eg || H{ « ||op as in
Theorem 1.3: Let £ := |H|~1 - ((—1)1¥"71) 5 7y be the sign matrix encoding the commutation
structure of {T's}gey. Also write u := 1/+/|H| € C* 11,1 = Id —uu*,§ := ||, Eul|2, and
suppose § < o(1)/n. Further suppose 1 — (u,Eu) = (2+ 0(1))k?*/n, —O(k/n) - 1d < 1, EIL,+ <
O(k?/n?) - 1d. Then we have Eg || HI « |lop = (1 — 0,(1))v2n/k for w(log(n)) < k < o(v/n).

Subgaussian Concentration for || Hl{«||op. Using standard Lipschitz concentration tools
in probability theory (see Fact 3.7), we can establish subgaussian concentration for || HZ  [|op:

Theorem 1.5 (Subgaussian Concentration for ||H{|lop (see Theorems 5.4 and 5.7 for full
version)). Let n > k > 2 be even integers, and suppose k2/n < 1/16. Fix any real t > 0. Then for
H= ([Z]) (the “dense case”)

pr (|18l — B 8o

> t) < 2-exp (—Q(nt?)).

If H is a random k-uniform hypergraph with m > 29*nlogn edges, where C' > 0 is some sufficiently

large absolute constant, then with probability > 1 — o,,(1) over the randomness of H we have

P (|18l — B Vbnclon| > ) < 2-cxp (~0202%).

Remark 1.6. In the random hypergraph case, by increasing the number of hyperedges in # from
22 nlog(n) to 2*)n3 log(n) we can get the tail decay to be 2 - exp (—(nt?)) as in the dense
case.

Optimal Quantum Algorithms to sample SYK Ground States. As a corollary of
Theorems 1.1 and 1.3, we prove that the dissipative quantum algorithm of [BCD24] provably
achieves an (1) approximation to the ground state energy of the sparse SYK model whenever
wn(1) < k < o(y/n). We note that for the case of k = 4, a recent work [DKKA26] gave an efficient
quantum algorithm to synthesize a state p( H }%yy ) which achieves Eg Tr(p(H ] sy ) H syvi) =
Q(y/n) wh.p. over random 4-uniform hypergraphs # with m > Q(n®log(n)) hyperedges. Their

4



algorithm was a suitable modification of a quantum algorithm due to [HO22] who showed a
similar result for the dense case H = ([Z]). See also Footnote 3.

Theorem 1.7 (Optimal Quantum Algorithms for the SYK Model). Let n > k > 2 be even integers
such that k* /n < 1/16. Consider the HX. Hamiltonian, where we take H = ([Z]) (which yields the
SYK Hamiltonian (1)). Then there exists a dissipative quantum algorithm with runtime < n®®), which
on inputting H¥, synthesizes the state p(HZ ) such that

E [Te(p(HE ) - Hi)] > 001) - B[ B, @

Note that Eg [Tr(p(H¥ k) - H¥ k)] < Eg || H ||, and thus the result is optimal up to constant
factors.

Theorem 1.7 follows simply by combining [BCD24, Theorem 3.1] with Theorem 1.1.

2 Technical Overview

We now give an exposition of the main ideas that go into the proof of our main results. Let us
first focus on the upper bound for E, || H¥ « ||op, where we take H to be either ([Z]) or a random
k-uniform hypergraph with 225 log(n) edges.

The Trace Moment Method. A standard way to prove sharp upper bounds on the operator
norms of random matrices is the trace moment method based on the following simple observation:
for any integer ¢ > 1 we have

Jensen
] 20

E [|1Hclop]™ "< E [1HEc]25] < B [Tr((H0%)] = N -E [tr((H)*)]

B 2l < NYVCO B [er((Hl)™)]
g g

where Hsyk is treated as a N-dimensional operator,” and Tr, tr refer to unnormalized and
normalized trace operators respectively. The advantage of this estimate is that Eg [tr(H?)]
admits a combinatorial interpretation. Indeed, writing m = |#| we obtain that

]g [tr((HS}%(K)%)] =m" Z IEU‘ (gS1F51 98,1y o+ gSzersze)
S1,00,820€H

=m~t. Z E[QS1952 "'952(] “tr (F51FS2 “.FSM)'
g
S1,..,520€EH

Evaluating Gaussian moments: E, [gs,9s, - - - gs,,] can be evaluated using the classical
Isserlis-Wick theorem (see Fact 3.4) in probability theory. To invoke Fact 3.4 we recall some
standard terminology: Let m be a perfect matching on [2/], i.e. © = {e1,...,e,} where
|_|f:1 e; =120, le;] =2, ande;Ne; = @forall 1 < i < j < £ The edges ey, ..., e are also
popularly known as chords, and for a chord e = {i < j}, we say ¢ is its left endpoint, while j is
its right endpoint. If we draw the numbers 1,2,...,2/¢ on a line, and connect ¢, j with a chord if

7Tt is well known that Hsyk can be represented as a finite dimensional operator in N = 2"/2_dimensional Hilbert
space [BK02].



{i,7} € m, then we get the chord diagram G, corresponding to m. More formally, G is a graph
whose vertices are the chords of 7, and two chords e, ¢’ € 7 are connected if they cross each other,
ie. ife= {il < ig} and e’ = {ig < 7:4} satisfy either i; < i3 <19 <igoris < iy < iy < io.
Now Fact 3.4 gives us that
Elgsi 95 9s.] = > 11 Elgs.gs;]-
T e={i,j}eT

Since {gs}g¢ (i) are independent NV(0, 1) Gaussians, we have Ey[gs,gs,] = 1(S; = S;). Thus
" .
E [tr((H&)™)] =m™ > > 1x(S1,0,80) tr (Te,Ts, -+ Ty,

where 1,(S1,...,S5%) = He:{m}eﬂ 1(S; = S;). Notice that the only tuples (S, ..., So,) that
contribute a non-zero term are ones where every S € # occurs an even number of times.

Using Anti-Commutation Relations: Now, it follows from the anti-commutation properties
of Majoranas that T'% = Id, and ['sT'y = e5 77, where 5 1 := (—1)ISHTI=IS0T] = (_1)IS0T1,
Consequently, we can take the expressionI'g, I'g, - - - I's,, and keep swapping the matrices I',s
until they meet their pair under 7. Consequently, I'g, ---T's,, = £,1d, where e, € {£1} is
a sign which depends on 7. In fact, suppose (Si,...,S2) is such that 1,(S1,...,S2) = 1.
Then for every e = {i,j} € m, we have S; = S;, and thus define S. := S; = S;. Also write

Eeer = (—1)I5N%| Now note that ¢, = [lic.eryen(c,) Eeer and thus we have
153 [tr((HEx)*)] =m™* - Z Z 1:(S1,. .., S2) - H Ee,e’
T S1,...,820€EH {e,e’}€E(Gx)

=m0 I e

T {Sc}eer {e,e’}EE(Gr)
where we only sample ¢ elements S, from #, and repeat them as 7 dictates. But we can also
absorb the m~* term into the summation to make it an expectation, and we obtain

Elr((HEn0)™] =2 (B I e 3

Q {e,e'}eE(Gr)

21 Our Key Idea: A Deterministic Moment-Matching Operator?

To illustrate our key idea, let us go back to the trace moment expansion from (3). Each term
there is indexed by a pairing 7, and its value is determined by the crossing graph G-.

Let us focus on the dense case H = ([Z]) and on a pairing whose crossing graph is a cycle
to see the main insight: we can hope to relate the expected trace moments of Hgyk to the trace
moments of a (Z) deterministic dimensional matrix from the Johnson scheme, which, in particular,
allows us to read off its trace moments easily.

Write m = |H|, and define the deterministic matrix

geRGD*W), g5,1) = l(_l)\Smﬂ.
m
Suppose that G; is a cycle on r chords, listed in cyclic order as ey, . .., e,, and set e, 1 := e;. The
contribution of 7 to the trace-moment expansion is then

_ L - _1)\ISiNSit1]
{SC}EW H Eeer = ;e 1;[1( 1)!8iNSits

H y
{e,e’}eE(Gr) S1,eesSh ([:])z



= Y E(S1,8)E(8r, 81) = Tr(EN),
S.

S1,eensSre()

where S, := 51. In the expansion of the 2/-th moment above, 7 has ¢ chords, so this identity
gives Tr(£%). Notice that the equality also includes choices for which two or more chords receive
the same hyperedge, since the hyperedges are sampled independently with replacement.

If Ay, ..., Ay, are the eigenvalues of £, counted with multiplicity, then

Tr(E™) = N
j=1

Thus, the contribution from all 7 where G is a cycle can be bounded directly in terms of the
eigenvalues of £. These eigenvalues are explicit: the entry £(S,T") depends only on |S N T|, and

%Z ) M, Mt(s,T)::(lé‘?Tl)

Thus & belongs to the Johnson association scheme [God10], whose eigenspaces and eigenvalues
are well understood. We have therefore expressed a part of the random SYK trace-moment
expansion as a trace power of a deterministic, (7)-dimensional operator that can be analyzed
explicitly.

In the next section, we show a generalization of this simple observation by constructing an
explicit deterministic operator whose spectrum controls the sum of all (i.e., not just the case
when G is a cycle) the terms in (3). Like above, this deterministic operator will also be closely
related to a matrix from the Johnson scheme that will help us read off the trace moment bound
exactly. It turns out that our construction has a natural interpretation as a twisted model of well
studied operators from the bosonic algebra. We describe this construction next.

2.2 The “g-deformed” heuristic

Before we explain our general method to estimate this sum, it is instructive to consider the
following heuristic (see [HO22] for a nice exposition): Suppose we replace

{Se}Eﬂ-N'H H 86,6

{e,e’}eE(Gr)

]E Ee.el-
]-_-[ Se,S~H O°

{e,e’}€E(Gr)

’

with

Now note that

— —— _1)[SenSe| =1 —
q: SQ,SIENHES’e SS’SIEJ/NH( 1) 1—2a+ oa),

where o := k?/n is assumed to be 0,,(1).® Thus substituting this in, we obtain

HECEED SIS | GEESTD SN SINE NSRS

{e,e’}€E(Gx) m {e,e’}EE(Gx)
(4)

81In our actual proof we perform a more detailed computation and can take « to be up to a small constant, say 1/16.



where ¢(G) is the number of edges in G,. We first discuss a method developed to perform
this combinatorial sum, and thereafter discuss connections to the physics literature. The
combinatorial problem of evaluating such chord diagrams has been studied as far back as the
work of Touchard [Tou52] and Riordan [Rio75]. We also note that [GPSZ26] recently proposed a
“Chord-Cavity-Generator” technique to evaluate chord diagrams rigorously.

Evaluating > " qc(Gn), Setting aside the issue that the heuristic in Eq. (4) has not been justified
yet, there is still the question of evaluating the expression >~ _¢*(“~) for ¢ = 1 — 2a + o(a) = 1.
We follow the exposition of [BM25]. Write [n], := 1{_‘2 , [nlg! = H?:I[j]q, [0]4! :== 1, and
define c,c*,T :=c+c* as

0 0 0 0 0
0 V[l 0 0 0 M, 0 0 0 0
0 0 2l 0 0 0 R, © 0 0
c=1]0 0 0 3lq 0 , "= 0 0 [3]q 0 0
0 0 0 0 [4],

. . 0 0 0 [4lg 0

o V[, 0 0 0

e 0 VBRI, 0 0

0 V2, o VB, 0

T:=c+c" = 0 0 VBl 0 4]
0 0 0 4, o0

Here, we imagine the rows and columns of ¢ and c¢* as indexed by Zs,. Formally, c,c*
are linear operators on (2(Zxo) = {(z0,T1,...,Tn,...) © Yoroylzal® < co}. We write fo =

(1 00 )T € l3(Zsp). Then a simple combinatorial argument’ [BM25] shows that
(fo, T* fo) = 32, 4°(9).

Thus, heuristically, understanding the spectral norm of 7" suffices to provide an upper

Eq. (4)
bound on 3, ¢*(%~), and thus also on Eq [tr((H)*)]. Indeed, Eq [tr(H%)*)] /™ <

(o, T2 o)/ CO < ||Tlop 2 2//T—q ~ \/2]a = V21 /k, where (+) was also shown in [BM25].
Note that v/2n/k was precisely the upper bound we were aiming for!

2.3 A Deterministic “Twisted-Bosonic” Moment-Matching Model

The key idea of our proof is to introduce a natural, tractable, deterministic operator x such that
a natural functional of x has the same moments as the expected trace moments of H. We will
define operators a and x := a + a* such that Eg [tr((HZ«)*)] = (fo,x* fo) for fo being the
vacuum state. This equality holds for all ¢ simultaneously. We can then analyze x to understand
Eg [tr((HE)*)]-

? Note that since the only non-zero entries in T are in the first off-diagonal entries, expanding (fo, T fo) yields a sum

parametrized by tuples 7 := (no, ..., n2¢) € ZQ;OH such that no = na¢ = 0 and |n; — ni41| = 1 forall 0 < ¢ < 2¢. Now
for any perfect matching = on [2¢], define a tuple 7 := (no, ..., n2¢) where n; — n;—1 := 1if i is the left endpoint of a
chord in 7, and —1 otherwise. It can be shown that the term in the sum corresponding to 7 equals > _ ¢° ¢ over all 7
which produce 7 as their tuple, and we are done.




Review of Bosonic Algebra: The algebra for a single boson is defined on the Fock space
l3(Z>0) equipped with the orthonormal basis {f; },cz.,, with the annihilation and creation
operators defined as,

bfrz\/;fr—l b*fr = Vr+1frt1

Crucially, a single bosonic mode satisfies the commutation relation (known as bosonic statistics)
[b,b*] =1Id.

In contrast, the operator ¢, c* used in the evaluation of the heuristic satisfy the g-deformed
commutation relation cc* — gc*c = Id.

A collection of bosons, indexed by the set of hyperedges, {bs}scw satisfy the mutual
commutation relations (see Definition 4.1 for a formal construction and Lemma 4.2 for proof of
commutation relations),

[bs,br] = [bs,br] =0,  [bs,by] = 1[5 =T]Id.

In particular, for S # T, the respective bosonic operators commute.

Constructing a: We begin by defining a collection of operators {ag}secy which satisfy the
same (anti)-commutation relations as {I's }sc#, i-.e. asar = esrarag and aga) — egrarag =
1[S = T]1d (see Definition 4.3 for formal construction), where 57 := (—1)/"7. Note that
€s,s = 1, thus each ag is individually bosonic, satisfying [ag,a§] = Id. Their mutual statistics
are determined by the signs e 7, hence the twist. We then define a := [H|~/2- Y, as and
further x := a + a* (see Table 1 for a summary of the twisted boson construction), and the key
technical step in our proof (see Proposition 4.7) is the fact that

(fo.x* fo) = ]E {tr ((Hg-lYK)M)] . 5)

While we shall not explain the proof of Eq. (5), the fact itself should not be that surprising, since
the operators {ag}scy have been constructed to encode the same exchange signs as the SYK
constituent operators {I's}se.
Now we proceed to justify why a is the correct “finitary” analog of c. Towards that end, let
E:=|H|"t (es1)sren € CT*™ be the sign matrix, and write
1

ui=— € CH, q:= (u,Eu), IT,. :=1Id —uu™, 0 := |[IL, = Eull2,
vm

P = Amax (I, L ET, 1), p~ = max{0, —Apin (L, EIL, 1) }.
Looking a bit ahead, we will essentially show that £ ~ quu*, and 6, p*, p~ are three different
ways of quantifying how much £ actually deviates from quu* (see Table 2 for a summary of

these parameters). In fact, for £ < O(y/n) we'll show that p*,p~, 6 < n= ) and thus £ does
equal quu* as n — oco.

Bounding the Spectral Norm of x. By Eq. (5) it suffices to bound (fp,x* fo). A natural way
to do so is to mimic the proof in [BM25]. Towards that, in Lemma 4.9 and Eq. (20) we show that

pa*a—(p~ +9)- Z atag < aa* —gata—Id < (p™ +9) Z afag —pra*a. (6)
SeH SeH

Now, as mentioned above, we can show that p*, p=, 8§ < n= %W for k < O(y/n). The way we do
this is to observe that for H = ([Z]), the matrix £ is an example of a matrix from the Johnson



scheme, i.e. £ is a matrix indexed by ([Z]) such that £(S,T') depends only on |S N T'|. The spectra
of matrices in the Johnson scheme is very well-studied (see [Del73, God10, GM15, Fil16]), and
thus it follows from standard computations that p*, p=,§ < n= 1 10

Consequently, note that as n — oo, (6) “converges” to aa* — ga*a — Id = 0, which exactly
matches the commutation relation cc* — gc*c = Id from our heuristic that we wanted to emulate
in the first place! Equivalently, (6) shows that up to an error quantified by p™, p~, §, the heuristic
Eq. (4) holds, and thus we obtain E, | HZ «|lop < V2n/k + error(pt, p~, §), thus yielding the
upper bounds in Theorems 1.1 and 1.3.

Relation to Kikuchi matrices. A related random-to-Johnson comparison arises in the
study of Kikuchi graphs. The Kikuchi graph of the complete uniform hypergraph belongs
to the Johnson scheme, while the Kikuchi graph of a sufficiently dense random hypergraph
spectrally approximates this complete-hypergraph operator [Kot26]. Kikuchi and related
symmetric-difference matrices were introduced in the study of tensor PCA and random CSP
refutation and have since played an important role in algorithms for random and semirandom
CSPs [WEAM25, GKM22, HKM23, GHKM23]. Although our sign matrix is a different operator,
the underlying principle is similar: a random-hypergraph operator can be understood by
comparison with a highly symmetric operator from the Johnson scheme.

Now that we’ve proven the upper bounds in Theorems 1.1 and 1.3, we focus on proving
lower bounds for E, || H¥ «|lop- Once again, we will take inspiration from the operators c, T and
Eq. 4).

2.4 Lower Bounding E, || H¥ «||op

Let us go back to the operators ¢, T, and see what they tell us about E; || HZ i ||op- Choose tq so that
q" < 0,(1). Alsochoose M > w,(1). Note that forindices ¢ > to, [t], = (1—¢")/(1—q) = 1/(1—q).
Consequently, restricting T to the indices ty <t < tg + M yields (roughly) the following matrix:

o 1 o0 --- 0
1 0 1
1 .
/17(1 0 1 0 0
SRV |
0O -~ 0 1 0

But this is simply the adjacency matrix of the path graph (a.k.a. the “hopping” model in physics),

.
. . . . G+D)m : 1 T\~ 2
which admits the eigenvector (sm ( yy et ))0<j<M and the eigenvalue =2 cos(3757) ~ = i

which is very close to the operator norm of T'!

Once again, we are able to reproduce this construction for 7" to get a construction for x.
More precisely, for a specific choice of parameters ¢y, M (outlined in Eq. (24) and the proof of
Theorem 5.6), we show (in Lemma 4.12) that if we define ¢, := (a*)* fo, v; := ¥ /||1¢]|2, and

1" When H is a random hypergraph, £ is no longer from the Johnson scheme, but standard matrix concentration results
allow us to prove the necessary bounds on p™, p~, 4.

10



finally the Krylov space’’ R := span{v;, 4+ : 0 < ¢t < M}, then

0 B 0 .. 0
/Bto 0 Bto—i—l
Ipxllp = 0 Brs1 0 0 ,
: . ' Bto+M—2
0 o 0 Biyrm—2 0

where minggi<ar Seo+t = 1\;1"%2 , and consequently we obtain a state (unit vector) ¢» € R such

that (1, xip) > 2514{; ~\2n/k.

Note that we are not yet done: ¢ is only a good test function for our operator x, but we
still need to produce a certificate which achieves an energy of > (1 — o(1)) - v/2n/k against
HX ... We use the theory of multivariate Hermite polynomials (see Definition 3.6) and Gaussian
concentration (see Lemma 4.18) to map the state ¢ to a certificate (see Lemma 4.16) which
achieves an energy of ~ /2n/k against H}%, thus yielding the lower bounds in Theorems 1.1
and 1.3, as desired.

Relation to the doubly-scaled SYK transfer matrix picture. The heuristic described in
Eq. (4) has been studied extensively in the doubly-scaled SYK literature [BNS18, BINT19, BM25,
GGV1e, GGV17, GGJV1S, JV18, Lin22, LS23]. Here, the doubly-scaled limit refers to,

2
n,k — 00, ;%aE(O,oo),

with the parameter ¢ identified as ¢ = Eg 7 unir(n) €s,7 & 1 — 2a. The operators c and T are
then interpreted as follows: c is the annihilation operator on the “chord Hilbert space”, satisfying
“deformed”!? commutation relation cc* — gc*c = Id with the corresponding creation operator
c*. Equivalently, the chord Hilbert-space can be defined as the span of states resulting from
excitations created by c* on the vacuum state fo. The transfer matrix is then exactly 7" := c 4 c¥,
so that the RHS 3~ ¢°(%~) evaluates to the vacuum state functional ¢(T%) := (fo, T% fo). Thus,
by keeping track of the collective excitations on the chord Hilbert space, the transfer matrix
picture allows moment computations in the doubly-scaled limit.

In contrast, our construction retains the full hyperedge-resolved twisted boson algebra before
taking any large—n limit. Each hyperedge (interaction term in the Hamiltonian) S € H is
equipped with a twisted bosonic mode ag satisfying the mutual statistics,

agap —egrarag = 1S =T]-1d.

The g—deformed oscillator c naturally emerges out of our treatment by taking the doubly scaled
limit of the collective operator a = [H|~'/2 34, as. Thus, our approach can be viewed as a
finite-(n, k) refinement of the transfer matrix picture in the following two aspects. First, the
moment equality

(fo.x*" fo) = E [tx ((H¥x) ™) |-

holds for any n, k and ¢. Correlations among the individual crossing signs are retained at finite
size, with the deviations from the collective mode accounted for rigorously in terms of the

! For any operator A and vector v, a space of the form span{A®v : to < t < t;} is known as a Krylov space.
12 Note that ¢ = 1 yields the usual commutation relation for bosons, while ¢ # 1 yields the deformation.
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leakage parameters p* and § of the sign matrix £. Second, retaining the individual modes
{as}sen allows for the construction of an explicit Wiener-It6 isometric embedding into the
original fermionic operator algebra.'® This is crucial for the lower bound, as the top eigenvector
for the twisted operator x is then transferred back into a disorder-dependent witness for the SYK
Hamiltonian.

Prior work on “twisted” bosons. Creation and annihilation operators with twisted com-
mutation relations belong to the general family of mixed-¢ Gaussian literature [BS91, FB70,
BKS97, ]Z15] further widely used in the doubly-scaled SYK literature [BNS18, BINT19, BM25,
GGV16, GGV17, GGJV1S, JV18]. In particular, [JZ15, BS94, Spe93] provide results on operators
encoding a generalized commutation matrix ¢;;. A dynamical version of the SYK model has
been related to g-Brownian motion in [P522], and convergence of the joint distribution of SYK
Hamiltonians to a mixed ¢-Gaussian system in the large-n limit has been shown in [LS26].
Moreover, [DMM94, MMP94, MM96] investigated, in an abstract setting, operators which satisfy
the twisted commutation relations our operators satisfy.

'3 More precisely, the embedding is from the twisted Fock space into the space of Gaussian matrix-valued polynomials
over the original fermionic algebra.
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3 Preliminaries

Majorana Operators Letn > 2 be an even integer. Consider the Majorana operators vy, ..., v,
satisfying the following properties:

(1) Hermitian ; =~ for all i € [n], i.e. v; is Hermitian,
(2) Involution 72 = Id for all i € [n],
(3) Anti-Commutation 7,7y, = —v,7v; forall i # j € [n].

The algebra generated by 71, . . . , 7, admits anirreducible unitary representation into CY XV N :=
2n/2 [BK02]."
For any non-empty S = {s; < --- < s,} C [n], define the Majorana monomial as,

Dg:=i"r"V/2, ...y, |

wherei:=/—1. LetI'y := Id.
Using the properties of Majorana operators, we have that I'g is a unitary Hermitian operator
with I'} = Id. Moreover, for any two non-empty sets S, T we have

IFslI'r =egr-I'rls. (7)

|S|-IT]~SnT|

where for any S,T C [n], we define eg 1 := (—1) Note that egr = ep g for all

S, T Cn],andeg g = 1forall S C [n].

The SYK Hamiltonian Letn > k > 2 be even integers, and let H be a k-uniform hypergraph.
Let {gs}sen beiid N(0,1) Gaussians. Then we define the SYK Hamiltonian to be

1
HIL = —— Ig. 8
SYK \/WSGHQS S 8)

If H is unspecified, H is to be inferred from context. The normalization ensures that E(HZ}% )% =
Id.

Miscellaneous Denote by tr(-) the normalized trace operator. For instance, tr(Id) = 1. Also
let Tr(-) be usual (unnormalized) trace operator. For instance, Tr(Idy) = N for Idy € CV*¥,
For matrices X,Y, define the commutator [X,Y] := XY — Y X and the anti-commutator
{X,Y}:= XY + Y X. For a matrix X define the Hilbert-Schmidt norm as || X ||gs := /tr(X*X).

For a vector v € CV and a Hermitian matrix 7' € CV*¥ we call (v, Tv) the (unnormalized)
expectation value of T' on v. The normalized expectation value defined for v # 0, is (v, Tv)/(v, v).
If " is a Hamiltonian, we call the normalized expectation value the energy under that Hamiltonian.

For any n € R, write 4 := max{n, 0}.

For any integers n,t withn > 0 define (}) := 0ift < 0 ort > n. For n = 0, we define (J) := 1,
and (g) := 0 for all integers ¢t > 1. Also, for any n > j > 1, write (n); :=n(n—1)---(n —j +1).
Also define (n)o := 1. Thus (}) = (n)x/k!

" While there is no unique unitary irreducible representation, all irreducible representations are unitarily equivalent,
and thus share the same spectrum. Since we will only be concerned with spectral properties in this paper, we fix an
arbitrary such unitary irreducible representation, such as, for example, the Jordan-Wigner transform.
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The Johnson Scheme Fix integers n > k > ¢ > 0, and consider the matrix M, € (C([z])X ()

given as M(S,T) := ('S?T‘). The span of the matrices {Zf:o arMy : ag,...,ap € C}is the
Bose-Mesner algebra of the Johnson scheme. For any matrix M = Zf:o ay My, M(S,T) depends
onlyon |[SNT|.

The Johnson scheme has been intensely studied in various contexts in mathematics and
computer science, and as such a detailed understanding of the spectrum of matrices in the
Johnson scheme is available; see Godsil and Meagher [GM15, Chapter 6] and also Delsarte [Del73]
for the foundational association-scheme treatment and Filmus [Fil16] for an explicit orthogonal
basis realizing the Johnson eigenspaces. We recall the following standard fact about the spectrum
of M, for our purposes:

[n]
k

Fact 3.1 (Johnson eigenspaces, [Del73, Wil90]). There exists an orthogonal decomposition c() =
@§:0 Vj such that V; is an eigenspace for M, for all 0 < j,t < k < n/2. Moreover,

(1) dim(Vj) = (}) = (;2,) forall j > 0, where (") := 0. Furthermore, Vo = span{1}.

(2) Myly, = pu,j - 1dy, where
L {(’5_5) () <t
Mta.] T 3 .
0 >t
(3) Vjis &, -invariant for all 0 < j < k, i.e. forany € V; and any o € &,, we have o - ¢ € V;. Here

[n]
k

G, is the symmetric group on n points, and for any ¢ € c( ), o € 6, naturally acts on 1 as
(o -)(S) = (o~ 1(S)), where c=1(S) := {o1(i) : i € S}.

The Matrix Bernstein Bound We recall the following variant of the classical matrix Bernstein
bound which we will need:

Fact 3.2 (Matrix Bernstein, Theorem 7.3.1 in [Trol5]). Let Yi,...,Y,, be independent mean O

Hermitian matrices, and write Y := %" | Y. Suppose maxye ) |Yillop < R almost surely, and
suppose > .- | E[Y?] < . Write 02 := ||Z||op, d := 2 Tr(X)/||Z|op. Then
P Y; >t <2d- —_—— .
g ; P ( 202 + 2Rt/3>

op

We include a somewhat specialized use-case of the above fact here: Let €2 be a set of size D.
Let ' = {w1,...,wn} be a random sample of 2 of size m, where every element w; is chosen
independently, and uniformly at random, from . Note that {2’ can have repeated elements in
general. Define the linear map P : C? - C, where we have Pe,, :=e,, € C%foralli e [m],
where {e,, }ic[m] (tesp. {e.}weq) is the standard basis for C' (resp. C?).

We remind the reader that tr(G) = Tr(G)/D.

Lemma3.3. Let G € C**% be a non-zero Hermitian PSD matrix with ||G||op = p. Further suppose that
G has a constant diagonal, i.e. (e, Ge,) = tr(G) for every w € Q. Then for Ag := (D/m)P*GP €
C > we have with probability > 1 — O(exp(—100log(2 Tr(G)/p))) that

1A lop < O(1) - max {m 1) 1og (2T2<G>>}

Proof. Note that P*G P is non-zero since G has non-zero diagonal entries. Consequently,

HP*GPHOP = ||G1/2PP*G1/2||0p7
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where we use the fact that the non-zero spectrum of BB* and B*B coincides for any matrix
B. Furthermore, we can write PP* = 37" e, e, , and thus write X; := (D/m)G'/?e,, e}, G'/?,
and note that

m

>

i=1

D, _. D "
||AG||0p = EHP GP”OP = EHGUQPP Gl/ZHOp =

op

Note that E[X;] = G/m. Also note that since X, is rank 1, we have that || X;||o, = Tr(X;) =
(D/m)e, Ge,,, = Tr(G)/m. Now write Y; := X; — G/m, and note that E[Y;] = 0. Also note
that ||Yillop < | Xillop + [|Gllop/m < Tr(G)/m + Tr(G)/m = 2 - Tr(G)/m with probability 1.
Furthermore,

G? Tr(G)G G* Tr(G)G “ Tr(G)G
21 21 & _ 2
ED/z ] - ]E[X } m2 m2 m2 < m2 = ;E[K ] < m .
Now write
Tr(G)G
o |TOC| _ TG 2Tr | =0~ ) _2Tx(G)
m m HT‘r(G)G wo
m op

and note that by Fact 3.2 we have with probability > 1 — O(d~'°?) that

[Acllop < lIGllop +

op

<M+O<Trf)-1og(”r ) \/7 2Tr )

Write ¢ := (&) .10 (%L(G)) Then we have

m

||AGHOP p+O(1) - (§+ \/> max{u,fh

as desired. 0

Isserlis-Wick Theorem For any integer ¢ > 1, let P2(2¢) be the set of perfect matchings on [2¢].
More precisely, every m € Ps(2¢) is a partition of [2¢] of the form {{il, io}, {is,04}, ..., {i20—1, igg}}.
Foranyw = {{il, i2}7 {’ig, i4}, RN {’izg,l, 2'25}} = {61, €2, ..., eg} S Pg(%),Where er 1= {’6'21571 <
ot} € ([225]) for all t € [{], we define the crossing graph G, of 7 to be a graph on the ver-
tex set [¢], where 1,12 € [(] form an edge in G, if e, ,e;, cross each other. For two edges
e1 = {a < b},eq = {c < d}, where a,b, ¢, d € [2{] are distinct elements, we say e;, ez cross each

other if eithera < c<b<dorc<a<d<b.
We can now recall the following classic result about moments of Gaussian random variables:

Fact 3.4 (Isserlis-Wick Theorem [Iss18, Wic50]). Let (X7, ..., Xos) be a mean 0 Gaussian vector.

Then
E[X; - Xo] = > I EXxx;.

mE€P2(20) e={i,j} €T
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Probabilist’s Hermite Polynomials

Definition 3.5 (Normalized Probabilist's Hermite Polynomials). For every n > 0 define the
(normalized) probabilist’s Hermite polynomials %, (X) € R[X] as h_1(X) = 0,ho(X) =
1,h1(X) := X, where for n > 1 we have the recurrence Xh,,(X) := \/n-h,_1(X)++vVn+1-
hpt1(X).

Note that deg(h,,) = n for all n > 0. Furthermore, span{h;(X) : t < n} = span{X" : t < n}.
This is also referred to as the Hermite polynomials having the same degree filtration as the degree
monomials.

Furthermore,

S JE (@) ()] = 1n = m).

In general, we can also define multivariate Hermite polynomials:

Definition 3.6 (Normalized Multivariate Probabilist’s Hermite Polynomials). For a tuple r €
74,,X € C*, we can define h, (X) := [T, cp hry (X2).

Then we have

[hr(g)hs(g)] = H E [h'r‘,\ (g)\)hsx (g)\)] = 1(7‘ = 8). (9)

E
g~N(0,Idp) /\EAQANN(Ovl)

See [O’D21, Section 11.2] for an exposition of univariate and multivariate Hermite polynomials.

Matrix-Valued Polynomials Let K(R™; CV*¥) denote all matrix-valued polynomials on R™.
More precisely, given g = (g1, . - ., gm) € R™, a matrix-valued polynomial p(g) € K(R™; CN*¥)
denotes a polynomial of the form

> ([Tsr) o
rezT, \i=1
where M, € CN*N, and M, # 0 only for finitely many » € ZZ,. For any r € ZZ, write
lr| = > 1", r;. Forany ¢ € K(R™; CV*N), we define the degree of ¥ to be maxyy, £ ||, where
1/J(g) = Zrezgo (HZl gf’) - M.

We can naturally equip K(R™; CV*) with the Gaussian measure, where we define

(Flg).Glan = K t(Fg)Clg)).

Gaussian Concentration and Gaussian Chaos For a R-valued random variable X and
for any p > 1, define || X||, := E[|X|?]'/?. Recall that || - ||, norms satisfy Hélder’s inequality, i.e.
if X1, X, are two R-valued random variables, then || X1 Xz|1 < || X1||p - | X2y, forany p > 1,
wherep™ + (p/) 7! = 1.

More generally, let (V|| - ||) be a Hilbert space, and let X be a V-valued random variable.
Then define || X ||, := E[|| X ||?]'/?.

Fact 3.7 (Concentration of Lipschitz Functions [Ver18]). Let f : R™ — R be a o-Lipschitz function,
ie |f(x)— fy)| < o-||lx—yl2forall z,y € R™. Consider the random variable X := f(g) —Eq4 f(g)
for g ~ N(0,1d,,). Then we have

2
Pr(|X] > t) < 2 exp <—Q(1) - t2> .
g

In particular, for every p > 2 we have | X ||, < O(o/p).
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Recall that we treat CV*¥ as a Hilbert space by equipping it with the inner product
(X,Y) :==tr(X*Y).

We need the following statement about Gaussian hypercontractivity. See [Jan97, O’D21] for
a detailed treatment, and [Nel66, Nel73, Gro75] for a historical perspective.

Proposition 3.8 (Gaussian Hypercontractivity). Let Y € K(R™;CN*N) be a matrix-valued
polynomial of degree < L. Define the random variable X := Y (g), where g ~ N(0,1d,,). Then
IX1lr < (r =152 || X ]2 for any v > 2.

Proof. For p € [0,1], let U, denote the Gaussian noise operator (see [O’D21, Definition 11.12]),
defined for functions f : R™ — R as

(Upf)(2) = pT + vl—pQZ)-

B (
2~N(0,Id,,) f

We apply U, to matrix-valued functions entrywise.
We claim that

1Upfllr < 1f1l2 (10)
for p := (r — 1)71/2. Indeed, write 7' := r/(r — 1). By duality, we have
Duality [O’D21, Section 11.1, Gaussian Hypercontractivity Theorem]

||Upf||r = sup |<uaUpf>’ < sup ’(u,Upf>‘

[lull,» <1 llull,» <1

< sup fuflitall fllie
lull,» <1

forany a,b > 0and 0 < p < vab < 1. Choose

Then we have 1 + a =" and 1 + b = 2. Hence

[(w, Up )] < Nl D12 < 11 £1]2

where the last inequality follows since while applying duality we took a supremum only over u
for which ||u||,» < 1. Now, by triangle inequality,

| @) ls = [EF (o +VI=72)||  <E[|F(pz+ VI=p72)| = UIFC)ns) (@),

HS
Applying (10) to the nonnegative scalar-valued function x — ||F(z)|/us gives
1UF(g)llr < [1F(g)]l2- (11)

Expand Y in the multivariate Hermite basis as in the definition of (R™; CN*V) to get

Y(g)= Y hi(g@)M.,  M,eCN*N
EISVA4Y

ls|<L

Such an expansion exists because the Hermite polynomials have the same degree filtration as
the degree monomials. Moreover by [O’D21, Proposition 11.33] we have

Uyhs = pl*lhs.
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Thus define
F(g):= Y p *lhs(g)Ms.

LIS/
|s|<L

(11)
It follows that U,F' =Y. Therefore, Y (g)|» < [|F(g)ll2-
By the orthonormality of the multivariate Hermite polynomials [O’D21, Proposition 11.33],

1F(9)k2 =Etr(F(g) Flg)) = > p T x(MIM) < p728 3 tr(MIMy) = p~*F|[Y ()3
|s|<L [s|<L

Since p~! = v/r =1, wehave [V (g)[l, < p~"[[Y (g)ll2 = (r — 1)*/*|[Y (g)]2, as desired. O

4 The Twisted Bosonic Model

We define a bosonic model with a “twisted” phase factor. Such operators and their mathematical
properties have also been studied in an abstract setting by [DMM94, MMP94, MM96].

Let us first review the standard bosonic Fock space. Given set A, we define for every r € Z4,
the function f,.(r’) := 1(r = r'). Write F; := span{f, : |r| = t}, and let F := span{f, : r €
Z’;O}.15 We declare { fr}rezg , tobe an orthonormal basis of 7, and all subsequent adjoints are
taken w.r.t. this basis.

Definition 4.1 (Bosonic Operators). For each i € A, the annihilation and creation operators are
defined by

bifr ::\/Efrfeiv b:fr = Vri+1f7'+ei7
where, r + ¢; (resp. T — ¢;) increments (resp. decrements, when r; > 0) the ith entry of r by
1. The number operator for mode i is defined as N; := b}b;, and the total number operator is

defined as N := Y, _, N;. Furthermore, we use the shorthand (+1)V : 7 — F to refer to the
linear operator which acts as (£1)Ni f,. := (£1)" f,.. Note that 1Ni = Id.

These satisfy the following standard commutation relations.

Lemma 4.2 (Bosonic commutation relations). Forall i # j € A,

[bs,b;] = [b], b;‘} =0, [bs, b;‘] =0;;1d.
Moreover,
[bi, N;] = d;;b;, [bi,N;] = —d;b;,
and

{bi, (=1)N} = {b}, (=)} = 0.
Proof. It suffices to check the identities on f;.. First,
bib; fr = (rs + 1) fr, bib; fr =i fr,

' Recall that when we take the (linear-algebraic) span of infinitely many vectors, we only look at linear combinations
with finitely many non-zero coefficients, i.e. for every f € F there exists a finite set T such that f = > ;. a» f». Note
that in physics Fock spaces are usually defined as £> spaces in which f can have infinitely many non-zero coefficients. We

choose our current definition so as to avoid functional-analytic subtleties.
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Object | Definition Interpretation

Ir fr(r) :=1(r =7") Fock basis state associated with the occu-
pation vector r = (7).

b; bifr := \/Ti fr—e, The usual bosonic annihilation operator on
mode 1.
N; N; := b;b;, N; fr = 7ifr The local number operator, which counts

the number of bosons occupying mode :.

(£DNe | (£D)Nif = (D) e The occupation-parity operator on mode i.

K; K; := H 51-\']? The twist operator associated with mode <.
j<i

a; a; := K;b; The twisted bosonic annihilation operator.

Table 1: Basic objects in the twisted boson algebra. For hyperedge S; € H, and some operator O, we
use the shorthand O; for O 4.

so [b;, b] = Id. If ¢ # j, then
btb]fr = V Ttr] f‘r’—ei—ej = b_]btf'l'a

and
b;bjfr = (’I"i + 1)7"]‘ fr—&-ei—ej = b]b:fT

The creation operators commute by the same calculation.
For the number operators,

[bi, Njl fr = 0ij/Ti fr—e; = 0ijbifr,

and similarly
(b}, N1 fr = —04;b] fr.

Finally, since
(=DM fp = (1) f,

changing r; by one reverses its parity. Hence

which proves the anti-commutation relations. O

Now, let us define the twisted bosonic operators on the set of hyperedges #. Let H =
(SM ..., S™) be some arbitrary ordering of H (where m = |H|). Write E5() 5G) "= Eije

Definition 4.3 (Twisted Bosonic Operators). For each S € H, we define the twist operator
Ki: F — Fas
N;
Ki = H gij .

j<i
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The twisted creation and annihilation operators are then given as,
a; = K,bz af = K,Lb;k

Individually, the twisted operators satisfy bosonic commutation relations, [a;,a}] = Id. The
twisted construction is summarized in Table 1.
Lemma 4.4. The twisted bosonic operators {as}sen on F satisfy forall S,T € H,
(1) agar =e€g,rarag,
(2) agakh —egrajyas=1(S=T)-1d,
(3) ag(Fi) C Fi1 forallt > 1. Furthermore, ag(Fy) = 0. Similarly, a%,(F;) C Fyqq forall t > 0.

(4) ajagfr =rsfy forall v € ZY,. Consequently, s, a5as = N.
Proof. First, we note that af = bf and ¢;; = +1. Secondly, note that for 1 < < j < m we have,
K;b; = &;;b,K;
as {b;, (=1)N:} = 0 and [b;, (—1)N¢] = 0 for ¢ # i. Thus, for any 1 < i < j < m we have,
a;a; = b;K;b;K; = b;b;K;K;
and
aja; = bjK;b;K; = b; (g4;b:K;) Ki = €4;b;b;K;K;

where we used that [b;, b;] = 0. This shows Item 1.
For Item 2, first note that aja, = b}b; and a;a} = b;b}. For 1 < i < j < m, the calculation

proceeds exactly as Item 1 since [b;, bj] = 0.

Items 3 and 4 follow simply from the definition of the twisted bosons. O

For any Hermitian R € C?***, define

ﬁ(R) = Z RsyTagaT.
S, TeH

Also, for any two Hermitian linear operators L, L' : F — F we write L < L’ if for any ¢t € Zx

and any 1 € P, Fr we have (¢, Lp) < (i, L'1)).
We now elucidate certain properties of the operator L:

Lemma 4.5 (Properties of £). We have:
(1) If R < R/, then L(R) < L(R').
(2) £(Id) = N.

Proof. Since L(R') — L(R) = L(R' — R), it suffices to show that for any K = 0, we have L(K) = 0.
Thus write K = Q*(Q, and note that

LK) = Z (Z QS,TCLT> ' (Z QS,TGT> =0,

SeH \TeH TeH

as desired.
Note that £(Id) = g, ajgag <" O™ 4N, O
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We declare fy to be the vacuum state (since it has no particles), and we define the vacuum
functional
o(T) := (fo, Tfo)
computing the expectation value of the operator T on the vacuum state 0 := (0,0, ...,0) € Z%,,.
With this, we are ready to present the twisted bosonic mapping. The key idea is to encode the
signs resulting from the anti-commutation relations of the Majorana monomials into the twist
phases of the bosons.
Now, we define the collective operators
1 *
A= — ag, Xx:=a-+a.

VIHI s

Also write xg := ag + a%. Note that x is Hermitian. With this, we express the average moments
of the SYK model in terms of vacuum expectation values of powers of x on the twisted bosonic
space.

In Lemma 4.6, the Gaussians gg, should just be thought of as a tool to introduce Isserlis-Wick-
style summations.

Lemma 4.6 (Twisted Bosonic Mapping). For any Si,...,S2 € H, we have

SD(Xsl o 'ste) = E[gs1952 .- '9525} ’ tr[F51F52 s FSQ[]'
Proof. Using Fact 3.4, we have
Elgs,gs,---9s2 = >, ] Elgs.gs,)= > [ 18i=5]
Te€P2(20) {i,j ™ TEP(20) {i,j}Em

where we used the fact that the disorder variables are zero-mean independent Gaussians, thus
Elgs;gs;] = 1[S; = Sj] .
For any perfect matching = € P»(2¢) and a collection of hyperedges S, ..., So; € H define,

Lo(S1,o,82) =[] 1(Si=5))
{i,jter

On the event that 1,(S1, ..., S2¢) = 1, for any edge e € m denote S, to be the unique hyperedge.

We define the signed crossing phase for any 1,(S1,--- ,S2¢) = 1 event to be
Gx(S1,...,S2%) = H Ee,f
e crosses f

where the product is over unordered pairs of crossing edges, and we define .  := €5, s,
The proof will proceed in two parts. We will show,

Ts, - Ts,, = &2 (51,...,52) - I1d whenever 1,(S51,...,5) =1and, (A)
P(xs, - xsy) = Y La(S1,...,82)  ¢x(S1,. .., Sa). (B)
TEP2(20)

Taken together, (A) and (B) imply that

P(xs, - x5) = Y 1x(S1,..., San)tr[[s,Ts, -+ Ty,
TEP2(20)
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proving the result.
Let us first show (A). We show this by induction on ¢. For ¢ = 1, this is true since I'} = Id.

Assume this is true for ¢ — 1, and consider the case ¢. Fix m € P»(2¢) and let i be the partner of 1
in 7. Then,

i—1
L N A (H €1j | Psy -+ Dg T, -+ Tsy,
J=2 —ld

i—1
= HElj '¢ﬂ—/(52,...,51',175i+1,...,S%)~Id
j=2

where 7' = 7\ {{1,4}} and we used the inductive hypothesisonT'g, ...I's,_,T's,, ...T2, since
1,(S1,...,8¢) =1 = 1.(S2,...,5-1,5i41,.--,52) = 1. Now consider a {p < q} € 7’
withp <i. If 1 < p < ¢ <4, then the factors satisfy €1,614 = 1. Otherwise, p < i < g, and the
edges e = {1 < i} and ¢’ = {p < ¢} are crossing and contributes precisely ¢.... Therefore,

i—1
[Tz | ¢w (S s Sica, Sivas- ., S2e) = 6 (1, Sa, .-, Sa).
j=2
This proves (A).
To show (B), first write a; := ag, and x; := xg, = a; + a}, and consider
p(x1 -+ x20) = (fo, (a1 +a7) ... (aze +a3)) fo)
By Lemma 4.4, we have that
a;ix; = a;(aj +aj) = (aj +aj)aiei; + 1[S; = 5] Id = xja;645 + 1[S; = ;] 1d (12)

Now, for any f € F, we have that (fo, (a+a*)f) = (fo,af) since afo = 0. We again proceed
by induction. For ¢ = 1, note that since a; fo = 0 and a;a fo = fo,

(fo,xixj fo) = (fo,2ia] fo) = 1[S; = S5j]

Now, assume that (B) holds for £ — 1. We have, by Eq. (12),

LP(X1 e 'Xzz) = <f0? aiXxg.. -X2£f0>

= €12(fo, %221 . .. X2e fo) + 1[S1 = S2]p(Xaxs . . . X2¢)

where we denote omission of an operator x by X. Repeating this process until a; is moved to the
rightmost position, and subsequently invoking the inductive hypothesis

20
o(xq -+ x20) 221[51 = S H51j (X2 Xy Xiq1 - - X20)
i—2 j<i
20 R R
221[51:52»] H51j Z lﬂl(Sg,...,Si7...Sgg)-¢wl(52,...,si,...752g)
i—2 j<i ™ EPy(20—2)
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= > 1.(S1,8,...,52)6x(S1, 52, .., S2)

TEP2(2€)

where the crossing phase factor on the partition 7 is determined from that of 7’ by the same
bookkeeping as for part (A). O

With Lemma 4.6 we now show that the disorder-averaged moments of the SYK Hamiltonian
map to the vacuum state functional of the operator x on the twisted bosons.

Proposition 4.7 (SYK Moments). ¢(x2) = Etr(H?¢), where H = gsTg is the SYK
P \/W SeH
Hamiltonian from Eq. (8).

Proof. Note that

Etr(H*) = |7i|f > ngS] tr(Ts, -+ Ts,,)

S1,...,520€H i=1

By Lemma 4.6 we have,

@(Xsl e 'XSN =

HQS] tI‘ F51~ -FSN).

Combining this with the fact that,
‘P(XM) = T Z P(xsy * X8y,)5

where xg = ag + a§, we conclude the proof. O

4.1 Spectral Bounds for p(x*)

We now provide a spectral bound for ¢(x*) (see Lemma 4.9 for a formal statement). First, we do
away with some necessary definitions. We write,

1

&= ] (esx)sren € CH*H, (13)
we=1/VH =121 1], (14)
IM,: :=Id —uu*, (15)
q = (u, Eu), (16)

= ||, Eull, (17)

P = Amax (L EM,1 ) (18)
p~ = max {0, —Amin (T, 1 ETT,1 )} . (19)

We shall call € the sign matrix.

The vector u can be interpreted as the “uniform channel”, with p* measuring the leakage
into the transversal channels. That is, § = 0 and p* = 0 imply that £ = quu*. The parameter
0 on the other hand measures how far u is from being an eigenvector of &; for the complete
hypergraph, we have § = 0. These parameters are summarized in Table 2.
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Parameter | Definition Interpretation

& Esr = [H|™' - esr = |H|™' - | Sign matrix encoding the Majorana-monomial
(-7l e A commutation structure.
u w:=[H|V?. 1eCH Normalized uniform vector on the hyperedge
set H.
IL,. I, :=Id —uu” Orthogonal projection operator onto the u*
space
J 0= ||IL, L Eull Quantifies the extent to which u is not an eigen-

vector of £. In particular, § = 0 iff u is an
eigenvector of £.

pt P = Amax (I, L ETT,1) The largest positive eigenvalue in the u* space
p- p- := | The (magnitude of the) largest negative eigen-
max {0, —Amin (I, 11,1 )} value in the u' space

Table 2: “Spectral leakage” parameters of the Sign Matrix.

Proposition 4.8. We have
(g —Nuu* — (p~ + ), < E < (q+&)uu* + (pt +6)IL,..
Proof. Consider an arbitrary 1) € C* and write ¢ = su + y, where s € C, (y,u) = 0. Then
(¥, E¢) = |s|*q+ 2Re(5 - u*Ey) + (v, Ey) = [s]°q + 2Re(5 - w*EM, 1 y) + (y, Ey)
< |52+ 2Re(5 - w* €M, y) + p* lyll? < |5l + 25| - [T, €ul - lyl] + o* 1]
= |s|*q +26]s| - lyll + pTlyl* < [s[q +8ls|* + dllylI* + pTyl* = (a +8)|s]* + (p* + &) [lyl®

= (¢4 0){W,uu™y) + (pT + 8) (¥, 1),

as desired.
Similarly, we also have

(1, Ep) = |s]Pq+ 2Re(5 - w*EM,1y) + (y, Ey) = |s|°q — 2|s| - |, Eul| - |yl — p~ [ly]?
> |s]%q = 8|s|* = Sllyll* — p~ llylI? = &€= (¢ —Suv — (p~ + )L, O

We now bound the vacuum functional ¢(x3¢) in terms of the parameters ¢, p*, and §.
Lemma 4.9 (Spectral Bounds for (x?%)). If (¢ — p*)4 < 1 we have
. ‘
<p(x2£) < <4(1 + (P ++5)€)> )
1—(g—p*)+
Proof. Note that
p(*) = (fo,x* fo) = " foll3-
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Let II; be the orthogonal projection 7 — @<, Frr- Note that by Item 3 of Lemma 4.4 we
have that x‘ fo = (II;xII,)* fo. Consequently,

p(x*) = [|(LexTLe)* fol|3 < [ITLxILe |35

Now), recall that x = a + a*, and a*(F;) C Fy41 forall ¢t > 0 (by Item 3 of Lemma 4.4), to obtain
that
[IIexITe|jop < 2 max by,
o<t

<t
where b; := ||a*||op,7,—F,,, fort > 0 (with b_; := 0). Thus it suffices to show
1 T4 0)t
by < _"(pi_l)
1—(g—pt)+

forallt > 0.
Towards that end, note that

aa* = [H| ™! Z agarp frem 2 of Lemma 4.4 |#H|~? Z (1(S =T)Id+eg rajas)

S, TeH S, TeH
=Id+[H|™" Y esrarag =1d+L(E)
S, TeH
Proposition 4.8 and Lemma 4.5
< Id+(q + &) L(uu®) + (p* + 6) (N = L(uu"))

=Id+(g = p")L(uu") + (pT + N =Id+(q — pT)a"a+ (o +HN.

Now, note that for any ¢ > 0, we have (a*a)(F;) C F, (aa*)(F;) € Fi, and N|r, =t - IdF,.
Consequently,

aa" xId+(g—pF)a"a+ (p" + N = [aa"[lop,r, < 1+ (¢ — ")+ - 2" allop,7 + (07 + ),

where || - ||op, 7, refers to the operator norm restricted to F,. However, we also have ||aa*||op, 7, =
b2, ||a*allop, 7, = b7_,, i.e. for all t > 0 we have

b < (g —p")s Ui +1+ (" +0)t

L+ (pt+0)t 1L+ (pt + )t
1—(g—ph)y 1—(g—p*)y’

as desired. O

t
= b <) (q-p")% L+ (" +0)(t—5)) < — b <
=0

S

4.2 Towards a lower bound for the operator norm of H%: Spectral edge of
the relevant Krylov space

In this subsection we will construct a test function which achieves energy ~ 2/\/v ~ v/2n/k
against x. See Lemma 4.12 for a formal statement.

Note that by Proposition 4.8 we know that £ = (¢ — d)uu™ — (p~ + §)(II,,+ ). Recall from the
proof of Lemma 4.9 that aa* = Id +£(€), L(uu*) = a*a, and thus we have

aa* =Id+(¢—d)a"a—(p” +J)(N—a*a)=Id+(g+p )a*a—(p~ +6)-N. (20)
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Now define,

Uy == (a%)" fo, (21)
v i = Py /|| Ve |2, (22)
Be == ||theg1ll2/ 1] 2- (23)

Note that the state fie,'° of 1; will have coefficient /t!/|H|t # 0, so ¢y # 0 for all ¢ > 0. Just by
definition we have a*v; = Bivi41, 52 = 1. As we will show soon, ; act as effective “hopping
amplitudes” on the relevant Krylov space spanned by the v;. Also note that ¢;,v; € F;. The
states 1), represent collective excitations of the twisted bosons.

Lemma 4.10 (Lower bound on hopping amplitude). Assume 0 < ¢ < 1. Then

1—g™*' —(p” +0)t
1—¢q '

B >
Proof. Taking the expectation value of aa* on v, by (20) we have
(vg,aa*ve) = 14+ (¢ + p~ ) {vg,a%avy) — (p~ 4+ 6) - (vg, Nuy).

Now, (vg,aa*vy) = |[a*vs||? = B2, since ||vs41]|2 = 1. Also, (vy,a*av,) = ||avs||?. Since vy € F; we
also have (v, Nv;) = t. Consequently,

B2 21+ (q+p7)llavel® = (p7 +6)t > 1+ qllave]|* — (™ + O)t.

Now note that (av,, vi—1) = (v, a*v—1) = Bi—1{vy, v¢) = Bi—1. Consequently, av, = B,_1v,—1+ 2,
where (z,v:_1) = 0. In particular, |Jav:||* = B2, + ||2]|* = 87, and consequently,

t

t
BE=1+qBf, —(p +0)t = B > qu— +8)> g
r=1

1— gt — 1—g'"tt (p~ +0)t
>—————(p +0)t)y ¢ = — ,
1—gq ; 1—g¢q 1—g¢q

as desired. O
Define the parameters
v:i=1-—gq, B:=/v/(p~ +9), M :=|1/v]. (24)

Definition 4.11 (Krylov Space). For parameters ¢y, M define the subspace (on the twisted Fock
space)
Ry = span{vy : to <t <to+ M} (25)

and I, ,, to be the orthogonal projector onto Ry, as. If to, M are understood from context we
will not mention it explicitly.

The collective x operator projected onto R resembles a one-dimensional “hopping model”
with nearly-constant hopping. The spectral edge of this hopping model scales as 2/+/v.

"“te; € ZY, refers to the tuple with ¢ particles on the i*" hyperedge.
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Lemma 4.12 (Spectral edge of hopping model). Suppose B > « > Q,(1) for some parameter k.
Write to := [k/V], L :=to + M. Then
2
Amax (OrxIIg) = % - (1 —-0(1) -max{m_l, VQ}) .

Proof. Note that forty < ¢ < to+M wehave ¢! < e™Vt+D) L e (p~+0)t < (p~ +6)(k+2) /v.
Since x > Q(1) we have (p~ +6)t < O(1)- (p~ +9)r/v < O(1) - (v/K?)(k/v) < O(1/k), and thus
¢+ (pm + 0t < e+ 0(1/k) < O(1/k).

Now, by the definition of x we have that

0 B 0 0
Bto 0 Bry+a :
Hpxllr =1 0 B4 0 0 ;
: . . Bto+M—2
0 .- 0 Bryrnr—z 0

where this matrix is expressed in the orthonormal basis {v; }+,<t<t,+n defining R.

Now write Mt
-~ . t+ 1)m
1/1 = Z sin <(M+)1 ) * UVttt eR.
t=0

Since every entry of ¢ is non-negative, by Lemma 4.10 we have

(Y, OpxIIgy) 1 —0(1/kK) m
o Tatt) > (PP 5 LT con (37 )
> % . (1 - 0(1) -max{nfl,VQ}) ,
as desired.!” O

Remark 4.13. A priori, increasing L improves the bound on the spectral edge. However, for
subsequent applications of Gaussian Hypercontractivity (Proposition 3.8) to obtain the spectral
lower bound in Section 4.3, L will play the role of degree of a polynomial, which we require to
be n°() (see Theorem 5.3).

4.3 A lower bound for ||H¥ «|lop: Explicit Mapping from Twisted Boson
Space to Fermionic Space

We now transfer a lower bound on Apax(IlxxIlz) to a lower bound on Eg || H¥ «|lop. See
Lemma 4.18 for a formal statement.

Recall Definition 3.5, and recall that for any r € Z¥, g € R* we define h,.(g) =
[Iscy hrs(gs). Also fix some ordering H = (Si,...,S,) (Where m = |H|) and define
=g T

"7 Note that 2 cos(m/(M + 1)) is the largest eigenvalue of the adjacency matrix of the path graph on M vertices, which
is what we get once we replace all the 3.s with their lower bound. Note that we can do this comparison without worry
since 1 has non-negative coefficients for all v;.
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Now define the linear map U : F — K (R, CV*¥) given as

(Ufr)(g) :=he(g)-T". (26)

We first show that this map is an isometric embedding of the twisted bosons into fermionic space.
This isometry, for usual bosons, is an instance of the Wiener-It6 chaos decomposition [Wie38, 1t651].
Incorporating the twists into this decomposition is fairly straightforward though, as shown
below:

Proposition 4.14 (Isometric Embedding). Forany ¢, ¢’ € F, (Y, ¢")r = (U, Uy’ ) k.
Proof. Observe that

P (= ) (T, T%) = 1(r = 3).

(Ufr,Ufs)kc = IQEUW(Q)FTv hs(g)l'®)
Here we use the fact that I' = Id for all non-empty S C [n]. Since U is a linear map which maps
an orthonormal basis of F to an orthonormal set in /C, we are done. O

Also, we define the Hamiltonian H(g) € K(R™; CN*") with coefficients given by g:

1(g) = —= 3" gsTs

SeH

Finally define the left multiplication operator M : KC(R*; CV*N) — IC(R*; CNV*V) given as

(MF)(g) :== H(g) - F(g).

Note that M is linear. We now show that the embedding U as defined in Eq. (26) satisfies
an intertwining property with respect to the Hamiltonian H(g). This intertwining property
essentially follows from the fact that Hermite polynomials and creation-annihilation operators in
bosonic spaces satisfy the same recurrence; Indeed, Hermite polynomials satisfy the recurrence
gihr(9) = V/7i + 1hyie,(g) + /Tihr—e,(g), while bosonic creation-annihilation operators satisfy
the recurrence (b; + b})fr = \/r; + 1frie, + \/Tifr—e,. This correspondence is known as the
Wiener-1t6-Segal transform [Wie38, It651, Seg56]. Note that while the Wiener-It6-Segal transform
is stated only for usual bosons, incorporating the twists in our twisted bosonic system into
the transform is fairly straightforward, as shown below. For a modern treatment of both the
Wiener-1t6 chaos decomposition stated earlier, and the Wiener-1t6-Segal transform, we refer the
reader to the textbook of Janson [Jan97]. For a physics perspective, see [Sim74, Chapter 1].

Lemma 4.15 (Intertwining). We have MU = Ux as linear maps F — K(R?, CN*V).

Proof. It suffices to show that MU f,. = Uxf, forall r € Z;O. Towards that end note that

m

(MU fr)(g) = ﬁ (; gSiFs@) “he(g)T" = % Zz_;gsihr(g)rsirr-

Using the commutation relations I'sT'r = eg 7I'7T's repeatedly we obtain I's,I'" = o, ()",
where o;(r) = [;_; 5:; is the twist phase. Furthermore, by Definition 3.5, we have g;h,(g) =

VT + 1h7‘+€z‘ (g) + \/Fih’f‘*ez‘ (g) Thus

(MUL)@) = 7= 30 (V7 F Thrsc(9) + Vitheoe, ) - ()7

=1
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Now note that since I'%2 = Id, we have I'"t¢ = TI'"~% when r; > 1. Thus

m

(MUfr - Z (Ufr+e7)( )+\/7 (UfT‘ e)( ))

- % S (U (VrF10i(0) - frre)) (9) + U (VFioil(r) - fo—e)) (9))
=1

m

= MUf.=U- Lm Z 1(72 f'r'+el \/Fio'i("') ’ f”‘*ei) :

Thus it suffices to show that v/7; + 102»(1") frver T /Tioi(T) - fre, = (as; +a%,) fr. But this
follows from the definitions. O

We now use the multiplication operator to yield a lower bound for ||H(g)||o, multiplied
by a “tilt” w(g). Subsequently in an upcoming Lemma we use Gaussian hypercontractivity to
decouple the tilt w(g) from || H(g)||op to yield a lower bound just for Egar(014,,) [[H(g)[lop- The
technique of decoupling a product using hypercontractivity is a standard method in the analysis
of boolean functions, see [O’D21] for further perspectives.

Lemma 4.16 (Operator Norm Witness). Let R be any space of the kind defined in Definition 4.11.
Then there exists F € K(R™, CN*N) of degree < L such that

o B @) op - w(g)] > Amax(TrxlTr).

where:

D) w(g) = |F(g)llfs

(2) More explicitly, we can choose F' = U1, where ¢ € R is a unit vector for which (1, x¢)r =
A11'13‘)((1_['71)(1_[71)/

(3) Eqw(g) = 1.

Proof. By Proposition4.14 wehave (¢, x¢) r = (U9, Uxtp) k. By Lemma4.15wehave (U, Ux)x =
(Uth, MUY . Write F' := Ut. Then

oMU = (FMP)e = B u(Flo)' (MP)g) = E  u(Flg) H(g)F(g)
Since H(g) < |[H(g)llop - Id, we have F(g)"H(g)F(g) < H(g)llop - F(g)*F(g), and thus
tr(F(g)"H(g)F(g)) < |H(g)lop - tr(F(g)*F(g)) = | H(g)llop - w(g). Finally, note that since
Y € @,<;, Ft, I' € K has degree < L by the definition of U. Furthermore, Eg w(g) = (F, F)x =
(¢, ) 7 = 1; thus we are done. O

We now show that the Hamiltonian H(g) is Lipschitz in g. This has already been shown
in [ACKK25, FTW20], where further connections to concepts such as the commutator index and
the Lovéasz theta function of the commutator graph have been drawn. For our purposes the
following simple spectral argument will suffice.

Lemma 4.17 (Lipschitzness). For every g,g’ € R’ we have

pt 40
1H(g) — H(g)llop < 1_qwm—mu

where q, p*, 6 are as in Eq. (13), assuming q < 1.
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Proof. Consider an arbitrary g € R, g # 0. Since H(g) — H(g') = H(g — g'), it suffices to show
that |[H(g)|lop < /5 ++6 “|lgll2- Let ¢ € C¥ be an arbitrary unit vector, and define the matrix

Xy =X € RHxH defmed as Xg 1 = gsgr Re(U's), '11)). Note that for any v € R* we have
(v, Xv) = || Y5 gsvsTs¥||? > 0 and thus X = 0. Furthermore, Tr(X) = Y5 g%||Ts¢||? = g2,
where |[Ts9||? = ||¢||> = 1, since I's is unitary.'® Finally, note that

1H(g)v]* = % <Z gsTs, > gsfs¢> = % > 9sgr (s, Try)

SeH SeH S, TeH

= |[H(g)ylI* = Re | H(g)¥|* = - Z gsgr Re(U'sy), I'rip) = - Z Xsr = (u, Xu),
S, TeH S, TeEH
where recall that u = v’ := 1//m € R*.
Now, note that if egp = —1, i.e. I'sI'r = —I'rT'g, then 2Re(T'st), I'ryp) = (Tgp, Tpp) +
(Tr, Tsp) = (P, TsTpp) + (¢, Trlgp) = 0,ie. egr = —1 = Xgr = 0. Consequently,

1 1
=— E esrXsT = — E Xsr = |H(g)v|
m m
ST ST

On the other hand, by Proposition 4.8 we have € < (¢ + d)uu* + (p* + §)(IL,+). Since X = 0,
we have!”
Tr(EX) < Tr ((g + &)uu* + (p7 +6)(I,1)) X) .

But Tr(uu*X) = (u, Xu) = 5= 35 ey X510 = Tr(€X). Consequently,

Tr(EX) < (¢+0) Tr(EX) + (p +0)(Tr(X) = Tr(EX)) = (¢ — pT) Tr (p* +0) Tr(X)
= [|H(g)y|> = Tr(£X) < p +5 —lgll> = [H(g)¥| < \/ || I
as desired.

We now combine these results to obtain a lower bound on the operator norm of the SYK
Hamiltonian in terms of the spectral edge of the twisted boson operator x = a + a* on the
relevant Krylov subspace R.

Lemma 4.18 (Lower Bounds on Operator Norm of the SYK Hamiltonian). Letn > k > 2 be
even integers, and let o := k? /n < 1/16. Consider the SYK Hamiltonian HZ . (from Eq. (8)) for the
hypergraph ‘H. Let R be any space of the kind defined in Definition 4.11. Then

L(pt +46
B o > Ama(Trli) — O(1) [ =2
Proof. Note that H¥,« = H(g). Apply Lemma 4.16 to obtain that there exists F' € K(R™; CV*¥)
such that

E  [[1H(9)op - w(9)] > Amax([Trxlz).
.11~J\/(0,1dm)[H (@ lop - w(g)] (MlrxIIg)

'8 Recall that we fixed an unitary representation for {7; }1<i<n into CV <V,
" Note that if X = 0 and A = B, then Tr(BX) < Tr(AX), since the product of two PSD matrices has non-negative

trace.
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where w(g) := ||F(g)|/%s- Since E; w(g) = 1, we have

E1(0) oy w(@)] = EIH@ ]+ E | (10)]on - ELH @)l ) - (o)

Holder
L@ o + 1@l ~ E N @)l | - ot

p

where we set p := L + 1, where L is as in Lemma 4.12. Now, note that

Proposition 3.8

(@)l = 1F@lk2 < @ =DHIF(9)k2 = (1+2/1)" Ew(g) <OQ).

By Fact 3.7 and Lemma 4.17 we also have

1 @)llor ~ B 1H(0) oy

+
<O0(1) - plfqg-fL,
p

as desired. 0

5 Operator Norm of the SYK Model

Recall the sign matrix £ € C**™ defined as 5.1 := [H| ™' -e5r = [H|~' - (—=1)!57T]. Also recall
the other notation from Eq. (13):

= 1/\/@7
q:= (u,&u),
6 = |[(TL, )Eull,
p* 1= Amax (I, )E(M,1))
p~ = max {0, = Apin (1,1 )E(M,1))} -

We first bound these quantities in the “dense” case, i.e. the case when H = ([Z]):

5.1 The Dense Case: H = ([ZJ)

Throughout this section assume H = ([2’]).
Recall the setting of Fact 3.1, i.e. we have matrices M; € (C([Z])X([Z]) given as M;(S,T) :=

(‘S?Tl), and we have a detailed description of their spectrum. Now note that

|SnT| .
(_1)|SQT\ _ (1 - 2)|SQT\ _ tz:; (_2),5 (|S?T|) _ ;(—Q)t <|SFZT|>7

and consequently we have
k

6(%§3mm@

K/ t=0
i.e. the sign matrix £ is a matrix in the Johnson scheme. By Fact 3.1 we obtain that the eigenvalues

of £ are given by )
—1 . .
n k—3j n—t—j
v () e () () @
t=j
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for 0 < j < k, with \; occurring d; := (3‘) - (jfl) times in spec(€). Furthermore, u = 1/4/(})

is the eigenvector corresponding to Aop. Consequently, in the context of Eq. (13) we obtain that

q=Xo,0=0,p" = max),. (28)
j>1

To upper bound these quantities, we need the following auxiliary technical lemma:

Lemma 5.1 (Sign Matrix Eigenvalues). Suppose n > k > 2. Write o := k? /n, and assume o < 1/16.
For \j as in Eq. (27), we have

Aj
=206
In particular, \; > 0 if and only if j is even. Moreover,
(1) (1—Ek/n)(1—8a) < |\]|/(2k/n) <1+ 8a.

(2) |\j| < 2(8k/n)? forall j > 0. Consequently, Zf:o dj|A;| < e, where d; .= () — (;"))-

— 1| < 8a. (29)

(3) maxagj<k Aj = O(a/n).
J even

(&) maxicjcr Al = | < 2+ 0(a)) - /afn.
j odd
(5) 2a —2a® <1— X < 2a.

Proof. We know that

V= () S () (@) g (D) (235

t=j s
=f(s)

For any s > 0, we have

Fs)| |20 (500 - () 12N\ _1( 20\ _ (day

RO (’L‘_ij) Ssl\n—-2k)  s'\1-2k/n) T s
Consequently,

k—j s
nij2 n_1—1<2(40j) <64a71<8a7
(_Q)J(k—jj) (k) =1 ¥

as desired. Item 1 then follows by direct computation.
For Item 2, we have that

() -t < (B

where the last inequality holds since n > 16k* > 4k. Consequently,

=25\ () 8k\’
< 1 .97 <2. kel ,
a2 ()G < ()

as desired. Consequently, since d; < (’;) < n’/j!, we have

b i 8K\ N (8k)
Zdj‘)‘ﬂg?Z m <n> QQZ( ) =28k L 9
§=0

i
i=o T PR

|2
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since k > 2. Item 3 is a direct consequence of Eq. (29) and Item 2, and Item 4 follows from Item 1
and the fact that o < 1/16.
Finally, let us consider A\. Note that

. @1 | i«g(?)s@ (179)e gw (%) Eng@ (1),

where X = |S N T is the random variable obtained by considering the intersection size of

, as desired.

the sets S, T independently and uniformly chosen from ([Z]). To see why () is true, note that
(%) = EUG(S) 1(U € T), and thus E [(f) | S] = ZUG(S) Prr(U CT) = (%) (?EE)) Since
G20

E {(f) | S} does not depend on S, we have E ()S() = (’“)

s k
Consequently, 1 — Ao = Eg 7 (1— (-1)X) =2-Es 7 1(]SNT] is odd). Finally, note that for any
integer ¢ > 0, we have t — t(t — 1) < 1(tis odd) < t. Note that Es 7 [S N T| = o, Es.r (°571) =
(2)2/(3) < a?/2for a < 1. Thus
2(a7042) <1- 2 < 20,

as desired. 0

Putting Eq. (28) and Lemma 5.1 yields an upper bound on the spectral norm of the SYK
Hamiltonian for the dense case H = (I7):

Theorem 5.2 (Operator Norm of the Dense SYK: Upper Bound). Let n > k > 2 be even integers,
and let o := k* /n < 1/16. Consider the SYK Hamiltonian (from Eq. (8)) for the dense case H = ([Z}),

ie.
H:= L Z gsTl's
V& s

where {gS}SG([z]) are i.i.d N'(0, 1) Gaussians. Then

2
By < /2 +01),

In particular, if o < 0, (1) then E ||H||op < (14 0(1)) - 1/2/c.
Proof. Let ¢ > 1 be an integer. Then

nsen ] Proposition 4.7

B[] < E [1H135] < E[Tr(H*)] = N - E [te(H*) *)

“p(x

emma 4. —+ £
L = 49 (4(1+(p +5)£)>
1—(¢g—p")+

where N = 2"/ is the dimension of H, and ¢, z, ¢, pT, 6 are defined as in Section 4. Consequently,

L+ (pt+9)¢

E|H|o, <2-2¢/@0 . 1 F 777
1#ler (= r)s

for all integers £ > 1.
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Now, by Eq. (28) we know that ¢ = A\g,d = 0,p" = max;>; ;. Note that ¢ — p* < ¢ <
1 — 2a + 202 < 1, and thus by Lemma 5.1 we obtain that 1 — ¢ > 2(a — a?),p" < O(a/n).
Consequently, 1 — (¢ — pT)y =1 —q+ p* > 1 — ¢ for large enough n,”’ and thus

E|H|op < gn/(46) w'
a—o
Choose ¢ := [n/+/a] to obtain that
2 2
Bl <12 - (14 0(/) < /2 + 0(0),
as desired. O

Theorem 5.3 (Operator Norm of the Dense SYK: Lower Bound). Let n > k > 2 be even integers,
and let a := k*/n < 1/16. Consider the SYK Hamiltonian (from Eq. (8)) for the dense case H = (I')).
Then

E | H|lop > \/Z (1 ~0(1) -max{k_l/Q,OzQ}) - */727” : (1 —0(1) -max{k_l/Q, f;}) .

Proof. Throughout the proof we’ll borrow notation from Lemma 4.12. By Lemma 4.18 we know
that if B > Q(1), then

L(p* +0
E | Hllop > Amax(Irxllz) — O(1) - (i’_q).
Now, we'll use Lemma 5.1 to compute the parameters in Lemma 4.12. Note that p~ = |A\{| <

O(y/a/n),and thus B = +\/v/p~ > Q ( a/\/a/n) > Q(VE) > Q(1), and thus our invocation

of Lemma 4.12 is justified. Choose x = ©(vk) < B. Then L < O(k/v) < O(n/k*/?),1 —q >
Q(k?/n), pt + 6 < O(k*/n?), and thus

L(pt +6) n-k?-n 3/
T1oq <O(1).7k3/2.n2.k2<0(k )-
Also
2 —1/2 2
)\max(HRXHR) P \/; (1 - O(].) . max{k , }) s
and we're done. O

Finally, using Fact 3.7, we can even obtain strong subgaussian concentration for || Hsyk ||op:

Theorem 5.4 (Subgaussian Tails for the Operator Norm). Let n > k > 2 be even integers, and let
a :=k?/n < 1/16. Consider the SYK Hamiltonian (from Eq. (8)) for the dense case H = (™). Then for
any t > 0 we have

Pr (1Alp ~ 1 lpl > 1) < 2-exp (~02002).

Proof. Towards applying Fact 3.7, consider the function g — || H(g)|lop = ||H ||op- By Lemma 4.17
we know that the Lipschitz constant of this map is < /(p* + 6)/(1 — ¢). From the proof of
Theorem 5.3 we know that (p™ + d)/(1 — ¢) < O(1/n). We are now done by Fact 3.7. O

" Note that we claim the result for all n > 16k. For n smaller than what we need for our inequalities to hold, we can
simply inflate the implicit constant in the O(1) in the theorem statement to make it work.
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5.2 The Sparse Case: H is a random hypergraph

Suppose H is a random k-uniform hypergraph with m hyperedges, i.e. every hyperedge of

sampled independently, uniformly at random, from ([Z]). Note that # is a multiset in general.
Write geomp .— g() = (Z)_l (esr)g Te('P) Then note that
) k

g?—l —_ @P*gcompp
m )
where P : C* — (C([Z]) is the usual map where for every S € H we have Peg :=eg € C%2, where
{es}sen (resp. {eS}Se([’;])) is the standard basis for C* (resp. (C([Z])).

Furthermore, since £°°™P is Hermitian, we can write

k j=1

where ); are as in Eq. (27), and 11, refers to the orthogonal projection c(¥) - V;, where V is as

in Fact 3.1. Write
Gre= > NI, G =— > M\,
FZ1:0520 321:25<0
and thus £e°mP = % +Gt -G,

k

Note that G*, G~ = 0. Furthermore by the &,,-invariance of V; (see Fact 3.1), we have that for
any S, T € ([Z‘]) wehave (eg, Gteg) = (e, GTer) forall S, T € ([Z]). Since ZSE([n])<€S7G+€S> =

.
Tr(G) we obtain that (es, GTes) = tr(G*) forall S € (")). Similarly, we also have (es, G~es) =
tr(G-) forall S e (In]).

Now write A* := (i) P*G*P. Note that A* = 0.

Theorem 5.5 (Operator Norm of the Sparse SYK: Upper Bound). Let n > k > 2 be even integers,

and suppose o := k? /n < 1/16. Let H be a random k-uniform hypergraph with m > 2%nlogn edges,
where C > 0 is some sufficiently large absolute constant. Let

1
HfH = — gsrs
SYK /;l,H =,

be the SYK Hamiltonian corresponding to H (as in Eq. (8)). Then with probability > 1 — O(1/log(n))
over the randomness of H we have

2 V2n k2
BT nclop < 2 - (140 (Vs eo@) ) = Y20 <1+0 ( n+eg(k>>> |

In particular if k > w(log(n)) then B | Hi k llop < vV2n/k + O(1).
Proof. Define ¢, 4, p* as in Eq. (13). Note that

EM = Nuu* + AT — A,
where u :=1/4/m. Let I = II,,., and note that

P = Amax (TEMTL) = Apax (II(AT — A7) .

36



Since II(AT — A7)II < ITATII, and since [[TTATI|[op < [[AT[lop, We have pt < Apax(AT) =
| AT |lop. To bound ||AT||op we aim to apply Lemma 3.3. Towards that, note that Tr(G") =
D sty z0 A dim(V;) < 30 |Aj[dim(V;). Since o < 1/16 we obtain by Lemma 5.1 that
Tr(G*) < e%. Also by Lemma 5.1 we have that  :
O(a/n) = O(k?/n?). Thus write d := Tr(GQ)/p
Finally, since (eg, Gteg) = tr(G") forall S € ([Z] ,
probability > 1 — O(n=2%), !

= |G [lop = max;>1 Aj = Max;>2 jeven \j =
< 0(e%/(k?/n?)) < O(e%*n?) < eOFn2,
Lemma 3.3 applies and we obtain that with

« 69’“ « egk
|A* [lop < O(1) - max {0 (E) , = -log (eo(k)n2)} < O(1) - max {n — (k+ logn)}

o(k) ., O(k) .|
<o) .max{af%(n)} . st <O .max{a,eog(n)},
n m n m

Now write A := At — A~. Note that A(S,T) = m~'((—1)I5771 — X\y). Now write a,; :=
(—1)1%in%51 — )y, where recall that S, ..., S,, are the hyperedges of H, i.e they are independent
samples from (I7)). Note that by the proof of Lemma 5.1 we know that for i # j, Ey d;; =
0,E3 aj; = 1—A3. Alsonote thata; = 1 — Ao with probability 1. Now suppose we have 4, j, i', j’
with i # j,i # j'. Then if #{i,j,i',j'} = 4 then a;j,a;;» are independent mean 0 random
variables, and thus Ey[a;;a; /] = 0. Suppose #{1, j,7’, j'} = 3. WLOG i = 7. Then conditional
on S;, h;j, hijr are still independent, and thus we still have Ey[a;;a,,:] = 0. Consequently,
Eylaija; ;] # 0only if {i, j} = {¢, 7} in which case it equals 1 — A\3.

Note that § = || (I, )Aul|y = ||Au — uu* Aul|y, and thus 62 = ||Au||2 — |u* Au|?. Similarly,
q= w EHyY = Ao + m~2 Zlgi,jgm Ziij =X+ m~1. (1 - )\0) +2m 2 Zl<i<j<m Ei”

Thus Eg; ¢ = Ao + m~! - (1 — \o). Furthermore,

fl- )] o w2 (3o

1<i<j<m 1<i<j<m
1<i'<j'<m
2 (1 — )\0)2 2(m — 1) 9 4(1 — )\0) Lemma5.1 8¢y
- %{(quO)}: m2 + m3 (17>\0)<T § W

Thus if we write ¢ := 1/(1001og n), then by Markov’s inequality, with probability > 1 — ¢, we
have |[¢ — \o| < O(m~1\/a/C). N _
Now, note that E3; 62 < Ey || Aul|3. Thus we estimate Ey || Aul|3. Towards that, note that

2

m

_ m _ 1 N
EHAUH% = ZE(AU)f =3 ;% Zaij

i=1 j=1

Fix any ¢ and any choice for S;. Write ) := 1 — Ag. Then

2 r 2
. = . s — 2 . .. .
% ( aij) | S; *E (77+Zaij> | Si| =mn +277;13[Zam|5z
J

J#i J#i

2
+E (Zaij) | Si

J#i

2

s 11 O RE RS AR FEE T SR X M E
j#i JFi 3.3 €lm\{}
i<y’

I Note that we also have d = Tr(GT) /u > Q(k*/(k*/n?)) > Q(n?).
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="+ (m—1)(1 = X),
where we use the fact that E[a;; | S;] = E[a;;a;;7 | Si] = 0 for 7,5’ # 4, j # j'. Consequently
(1—=X0)2+ (m—1)(1—-A3) o 2(1 — o) o iveY 4oy

P) B \7:>E52<7
m m m H m

E || Aul|2 =
E [|Aull>

As above, by Markov’s inequality, with probability > 1 — ¢ we have § < O(y/a/(m()).
Consequently, with probability > 1 — O(1/logn), we have that

Ok) . log(n) alogn a e k) k
+ < o e~ losln) ) < —
P +5\O(n)+ - +0 {4/ - \O(n)+ — T 0\ 5en72,

o eiQ(kﬁ)
=¢/n

where we use the fact that m > 2¢%nlog(n) for some sufficiently large absolute constant C' > 0.
With probability > 1 — O(1/logn) we also have that

1 —Q(k) Lemma 5.1 1
q_p+>AO_O<WéW>_O(a)_e 2T o (1)

m n n 8

for sufficiently large n. Consequently, (¢ — p™)+ = g — p*. Furthermore,

1 —Q(k)
1 (g-p")e = 1-(a-p") 2 1-g2 1200 [ VOB ) o g0 oty o[ £ )
m n3log(n)

for sufficiently large n, since « > 4/n.
Consequently, as in the proof of Theorem 5.2, if H¥ = \/% > gen 9sTs is the SYK
Hamiltonian corresponding to the hypergraph H, then we have (by Lemma 4.9)

E HH <2 271/(42) . )
QS}H SYK”OP 1_(q_p+)+ 1_q

{

Thus with probability > 1 — O(1/ log n) over the randomness of 7{ we have that

E | Hllop < 2-27/C0 . LHeln o onjaan 1+&0/n
{gs} 1—gq 2(a_a2)_0(e"(’”)

n3 log(n)

(a—a?)—a-0(e= k) /\/nlog(n))

Now set £ := [n/+/£] to obtain that

o—(k)
E [ Hcllop < | ——5——(14+0(V/E)) < \/Z«HOME))- (1 +0 (a + )) .

a—a? —o,(a) nlog(n)

Note that ¢ < O(a + e~ ?®)), and thus

2 —Q(k)
E [|H kllop < \/; (1+0(a+e2m)). (1 Lo <a+ 6))

nlog(n)
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< f (140 (Va+em®)),
[0
as desired. |

Finally, we prove the corresponding lower bound for the sparse SYK.

Theorem 5.6 (Operator Norm of the Sparse SYK: Lower Bound). Let n > k > 2 be even integers,
and let o := k? /n < 1/16. Consider the SYK Hamiltonian (from Eq. (8)) for a random hypergraph H
with m > 29%nlog(n) hyperedges for some large enough absolute constant C' > 0. Then

E|H|op > vCi<1—-O(DInax{k1M;a2}>.

with probability > 1 — O(1/ log n) over the randomness of H.

Proof. Throughout the proof we’ll borrow notation from Lemma 4.12. By Lemma 4.18 we know
that if B > Q(1), then

L(p* +6)

e (30)

1§HH§7§KHOP > Amax (ITrxIIg) — O(1)

Note that for any unit vector v € R such that (v,u) = 0, we have
—(v,€%) = (v, A70) — (v, A7) < (0, A7) < [ATllop = 7 < A7 [fop.
We now apply Lemma 3.3 to G~. By Lemma 5.1,

- o k - ; 9%k
16 o = el = i < 0 (/2] =0 () 16 = X Iylaim(v;) <
)\_7‘<0

Jjz1
A; <0

Moreover, by the &,,-invariance of the Johnson eigenspaces, the diagonal entries of G~ are all
equal. Hence Lemma 3.3 gives, with probability at least 1 — O(n~109),

9k O(k)
|A [lop < O(1) max {k7 € og (eO(k)n2>} < O(l)max{k, e(k+lOg”)} <O (k) )
n m n

m n

where the last inequality follows from m > 2%*nlogn after choosing C sufficiently large.
Consequently we have

7 <o(a) (),

As proved in Theorem 5.5, with probability at least 1 — O(1/logn),

—Q(k) —Q(k)
5<0< M%”><0<e » ﬂ+5<0uya+€<0(k»
n

m n

o= (k) o—2(k)
2+o,(1))a=22a+0( —— | 2v=1-¢=2(a—-0*) - O ——— | = Q(a).
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Consequently we have v = O(«a). Thus

B:= ‘/ﬁ > Q(\/k;TTJ > Q(Vk) = Q(1).

Hence the hypothesis needed by Lemma 4.12 is satisfied. Now choose x = ©(vk) < B, and

note that this choice yields
K n

r<0(2) <o)

n \ (a+e k) /n a4 e k) 1
< = - 1L
<0(m) O( a2 >\O<w@>’

where in the last inequality we used « + e~ k) ¢ O(k) for k > 2. Therefore

Do ) Fob) o

Finally Lemma 4.12 applied with the preceding bounds on v, p~ + 6, x, and L, gives

Thus

L(p* +9)
1—gq

Amax(TTxTTg ) > % (1 — O(1) max {k‘1/2, a2}) . (32)

Combining (30), (31), and (32), and absorbing the transfer error into the existing O(k~'/*) relative

error, yields
2
E | H&xllo > /5 (1 0(1) max {k~1/4,a%}) .

All the required inequalities hold simultaneously with probability at least 1 — O(1/logn), and
thus we are done. O
Finally, as in Theorem 5.4, we obtain strong subgaussian concentration for || HZ . [|op:

Theorem 5.7 (Subgaussian Tails for the Operator Norm for Sparse SYK). Let n > k > 2 be
even integers, and let o := k? /n < 1/16. Consider the SYK Hamiltonian (from Eq. (8)) for a random
hypergraph H with m > 2%nlog(n) hyperedges for some large enough absolute constant C' > 0. Then
forany t > 0 we have

Pr (Sl — B 1o > 1) < 2 0xp (-2

with probability > 1 — O(1/ log(n)) over the randomness of H.

Proof. Towards applying Fact 3.7, consider the function g — || H(g)|lop = || H||op- By Lemma 4.17
and the proof of Theorem 5.3 we know that the Lipschitz constant of thismapis < y/(p* +9)/(1 — ¢) <
O(1/Vk), and we're now done by Fact 3.7. O
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Use of Al Tools: We observed (see Section 2.1 for a key observation) that there is an explicit
deterministic operator with a Johnson-like structure that captures the expected trace moments
of Hsyk. We analyzed a preliminary version of this deterministic operator with the help of
GPT-5.5 Pro and GPT-5.6 Pro. In particular, GPT-5.6 Pro suggested Lemma 4.6, Proposition 4.14,
and Lemma 4.15 to us. We also used GPT-5.6 Pro to search for related literature and assist with
the verification of our technical proofs.
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